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Abstract 


This  dissertation  develops  one  and  two-dimensional  signal  processing  models  and 
algorithms  which  are  utilized  in  the  Radar  Target  Identification  Problem.  A  basic 
assumption  of  this  work  is  that  the  high-frequency  scattering  from  a  radar  target, 
such  as  an  aircraft,  land-based  vehicle,  or  ship,  is  comprised  of  the  sum  of  the 
scattering  from  a  finite  number  of  canonical  scattering  centers,  each  with  a  specific 
location  and  identity.  By  high-frequency  it  is  meant  that  the  overall  size  of  the 
target  is  at  least  one  wavelength.  The  scattering  center  assumption  is  more  valid  as 
the  individual  scattering  centers  become  more  electrically  isolated.  If  two  individual 
scattering  centers  are  electrically  close,  then  their  combined  response  is,  in  general, 
not  the  sum  of  their  individual  responses. 

First,  this  dissertation  investigates  the  electromagnetic  scattering  characteristics 
of  canonical  scattering  centers.  Canonical  scattering  centers  are  scattering  centers 
on  a  target  which  account  for  the  vast  majority  of  the  scattering  from  that  target 
in  the  high-frequency  case.  Some  of  the  targets  of  interest  in  this  work  are  aircraft, 
tanks,  trucks,  automobiles  and  ships.  Predominant  scattering  centers  on  these  tar¬ 
gets  include  corners,  edges,  plates,  dihedrals,  trihedrals,  and  cylinders.  The  scat¬ 
tering  centers  are  described  by  their  scattering  characteristics  as  functions  of  angle, 
frequency,  and  polarization. 
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Second,  this  dissertation  develops  a  two-dimensional  (2-D)  signal  processing  tech¬ 
nique  for  locating  and  characterizing  scattering  centers  from  radar  data.  The  radar 
gathers  scattering  data  of  a  target  at  both  multiple  frequencies  and  multiple  angles. 
This  type  of  data  is  gathered  (in  raw  form)  by  both  Synthetic  Aperture  Radars  and 
Inverse  Synthetic  Aperture  Radars.  The  2-D  signal  processing  technique  developed 
here  is  based  on  a  a  2-D  extension  of  a  total  least  squares  (TLS)  solution  to  a  Prony 
Model  and  is  called  the  2-D  TLS-Prony  Technique.  This  technique  can  use  single  or 
multiple-polarization  data.  With  full-polarization  data,  polarimetric  characteristics 
of  the  scattering  centers  are  found  using  the  transient  polarization  response  concept. 
This  concept  uses  an  ellipse  to  characterize  the  polarimetric  characteristics  of  each 
scattering  center.  The  abilities  of  the  2-D  TLS-Prony  Technique  are  demonstrated 
utilizing  simulated  2-D  radar  data. 


xxiv 


CHAPTER  I 


Introduction 


1.1  Background 

Non-cooperative  target  recognition  (NCTR)  utilizing  radar  has  been  of  interest  for 
many  years.  The  term  “non-cooperative”  implies  that  the  target  neither  hinders 
( e.g .  by  jamming)  nor  IHps  ( e.g .  by  identifying  itself)  the  illuminating  radar.  The 
process  of  recognition  is  accomplished  since  *\s.  target  “changes”  the  transmitted 
radar  signal,  and  since  how  the  t  uget  changes  this  signal  is,  in  some  way,  character¬ 
istic  of  the  target.  NCTR  accomplished  through  radar  is  designated  Radar  Target 
Identification  (RTI). 

The  overall  process  of  RTI  is  shown  in  Figure  1.  The  raw  data  is  obtained 
from  the  radar,  and  in  many  cases  this  data  must  be  processed  to  compensate 


Figure  1:  Radar  Target  Identification  Process. 
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for  factors  such  as  radar  target  velocity,  radar  target  orientation,  radar  antenna 
characteristics,  path  of  radar  relative  to  target  and  radar  target  range.  Once  the 
data  has  been  preprocessed,  it  is  ready  to  be  used  by  the  target  detection  algorithm. 
The  purpose  of  the  target  detection  algorithm  is  to  detect  the  presence  of  and 
estimate  the  location  of  a  target.  Also,  this  algorithm  may  reduce  the  data  set  to 
yield  another  smaller  data  set  that  still  contains  the  important  target  descriptive 
information.  The  target  location  and  the  reduced  data  set  are  passed  onto  the  target 
description  algorithm.  This  algorithm  takes  the  target  location  and  the  reduced  data 
set  and  forms  an  estimated  descriptive  parameter  set  which  describes  the  target  of 
interest.  This  descriptive  parameter  set  is  sent  to  a  target  identification  algorithm 
and  compared  with  idealized  parameter  sets,  and  a  classification  of  the  target  is 
made. 

1.2  Description  of  Study 

This  dissertation  focuses  on  and  develops  one-dimensional  (1-D)  and  two-dimensional 
(2-D)  signal  processing  models  and  algorithms  which  are  utilized  in  the  target  de¬ 
tection  and  target  description  stages  of  the  ETI  process.  A  basic  assumption  of 
this  work  is  that  the  high-frequency  scattering  from  a  complicated  target  such  as 
an  aircraft,  land-based  vehicle,  or  tank  is  comprised  as  the  sum  of  the  scattering 
from  a  finite  number  of  canonical  scattering  centers,  each  with  a  specific  location 
and  identity  ( e.g .  corner,  edge,  dihedral,  etc.).  This  assumption  is  more  valid  as 
the  individual  scattering  centers  become  more  electrically  isolated  (electrical  iso¬ 
lation  between  two  scattering  centers  implies  that  the  physical  distance  between 
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the  two  scattering  centers  is  several  or  more  wavelengths,  where  the  wavelength 
is  the  wavelength  of  the  electromagnetic  wave  illuminated  by  the  radar).  If  two 
individual  scattering  centers  are  electrically  close  (physically,  less  than  or  around 
one  wavelength  apart),  then  their  combined  response  is,  in  general,  not  the  simple 
sum  of  their  individual  responses.  Also,  if  the  overall  target  size  is  less  than  one 
wavelength,  then  the  phenomena  of  resonance  will  dominate  the  scattering  from 
the  object,  and  the  scattering  center  assumption  fails.  Thus,  the  scattering  center 
assumption  is  considered  high-frequency,  which  implies  that  the  size  of  the  overall 
target  is  a  wavelength  or  greater. 

First,  this  dissertation  investigates  the  electromagnetic  characteristics  of  canoni¬ 
cal  scattering  centers.  Canonical  scattering  centers  are  scattering  centers  on  a  target 
which  account  for  the  vast  majority  of  the  scattering  from  that  target  in  the  high- 
frequency  case.  Some  of  the  targets  of  interest  in  this  work  are  aircraft,  tanks, 
trucks,  automobiles,  and  ships.  Predominant  scattering  centers  on  these  targets 
include  corners,  edges,  plates,  dihedrals,  trihedrals,  and  cylinders.  The  scattering 
centers  are  described  by  their  scattering  characteristics  as  functions  of  angle,  fre¬ 
quency,  and  polarization.  The  scattering  centers  in  this  work  are  assumed  to  be 
perfect  conductors. 

Second,  this  dissertation  develops  a  2-D  signal  processing  technique  for  locating 
and  characterizing  scattering  centers  from  radar  data.  By  2-D,  it  is  meant  that  the 
radar  gathers  data  on  a  target  at  multiple  frequencies  and  multiple  angles.  It  is 
assumed  that  both  the  magnitude  and  phase  of  the  received  signal  are  known.  This 
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type  of  data  is  gathered  (in  raw  form)  by  both  Synthetic  Aperture  Radars  (SARs) 
and  Inverse  Synthetic  Aperture  Radars  (ISARs).  The  2-D  signal  processing  tech¬ 
nique  developed  here  is  based  on  a  a  2-D  extension  of  a  total  least  squares  (TLS)  so¬ 
lution  to  a  Prony  Model  and  is  called  the  2-D  TLS-Prony  Technique.  This  technique 
can  use  single  or  multiple-polarization  data.  With  full-polarization  data,  polarimet- 
ric  characteristics  of  the  scattering  centers  are  found  using  the  transient  polarization 
response  (TPR)  concept  [4].  This  concept  uses  an  ellipse  to  characterize  the  polari- 
metric  characteristics  of  each  scattering  center. 

1.3  Previous  Work  in  Radar  Target  Identification 

The  techniques  developed  in  this  dissertation  are  useful  for  determining  the  identity 
of  a  target  from  its  structure.  The  determination  of  the  physical  characteristics 
of  a  target  from  the  scattering  behavior  of  that  target  is,  in  general,  an  inverse 
scattering  problem.  The  general  problem  of  inverse  scattering  is  ill-posed  [5].  Thus, 
some  assumptions  must  be  made  in  order  to  make  the  RTI  problem  solvable. 

The  idea  of  approximating  the  impulse  response  of  a  target  was  described  by 
Kennaugh  and  Cosgriff  in  1958  [6]  and  later  by  Kennaugh  and  Moffatt  in  1965  [1] . 
Kennaugh  and  Moffatt  also  looked  at  other  transient  responses  such  as  step  responses 
and  ramp  responses.  In  1981,  techniques  were  developed  by  Moffatt  and  others  [7]  to 
utilize  the  impulse  and  other  transient  responses  for  target  identification  purposes. 
These  techniques  all  used  the  range  (or  time)  domain  responses  which  exploited  the 
geometrical  characteristics  of  the  targets.  All  of  these  techniques  assumed  a  single 
polarization  and  a  single  radar-target  orientation. 
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Assuming  that  the  scattering  from  a  complicated  target  is  made  up  of  the  sum  of 
the  scattering  from  a  finite  number  of  scattering  centers,  the  first  step  in  analyzing 
the  scattering  data  from  a  target  is  to  determine  the  presence  and  location  of  the 
canonical  scattering  centers.  Fourier  techniques  have  been  used  successfully  [4]  by 
taking  the  local  maxima  of  the  range  domain  waveform.  Parametric  techniques  [8,  9] 
have  been  used  to  determine  the  locations  of  the  scattering  centers  for  the  1-D 
problem.  The  parametric  techniques  have  been  shown  to  have  superior  resolution 
capabilities  than  the  Fourier  techniques  [10].  A  1-D  canonical  scattering  center 
algorithm  was  developed  by  Carriere  and  Moses  [11].  This  algorithm  takes  1-D  data 
and  returns  the  types  ( e.g .  corner,  edge),  locations,  and  amplitudes  of  the  canonical 
scattering  centers  which  comprise  the  target  at  that  aspect  angle. 

This  dissertation  develops  a  new  method  for  estimating  2-D  frequencies  and 
amplitude  coefficients  from  a  2-D  data  set.  This  method  is  applied  to  radar  data  in 
this  dissertation,  but  it  can  also  be  applied  in  other  areas  such  as  sonar,  geophysics, 
radio  astronomy,  radio  communications,  and  medical  imaging.  The  estimation  of 
2-D  frequencies  and  amplitude  coefficients  from  a  2-D  data  set  has  been  investigated 
utilizing  many  different  approaches  [12]— [18]  such  as  Fourier-based  methods,  data 
extension,  maximum  likelihood  method  (MLM),  maximum  entropy  method  (MEM), 
autoregressive  (AR)  models,  and  linear  prediction  (LP)  models  [19]— [25] . 

Fourier-based  methods  are  currently  used  in  tomography  to  generate  an  image  of 
an  object  [13]— [17].  The  properties  of  these  techniques  have  been  well  studied  [13]. 
However,  these  techniques  are  limited  by  Fourier  resolution  capabilities.  Also,  these 
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techniques  do  not  directly  estimate  2-D  frequencies.  Thresholding  along  with  a  peak 
detection  scheme  must  be  used  in  the  2-D  frequency  domain  to  determine  the  2-D 
frequencies. 

Other  methods  include  the  MLM  of  spectral  estimation  which  was  proposed  as 
an  m-dimensional  (m-D)  technique  for  array  processing  [19].  This  technique  has  also 
been  applied  to  the  tomography  problem  in  [24].  The  MEM  of  spectral  estimation 
has  also  been  applied  to  the  2-D  problem  [21,  22,  25].  This  method  also  provides  high 
resolution,  but  does  not  exist  for  all  data  sets  [26].  Two-dimensional  AR  modeling 
and  algorithms  exist  [10,  20,  23],  but  these  are  computationally  expensive.  State 
space  methods  [27]  and  a  matrix  pencil  method  [28]  have  also  been  used.  Prony’s 
method  coupled  with  total  least  squares  (TLS)  techniques  in  one-dimension  (1-D) 
has  been  used  successfully  to  estimate  frequencies  in  the  presence  of  noise  [29] .  This 
dissertation  extends  Prony’s  model  to  2-D. 

A  related  method  2-D  method,  developed  by  Hua  [28],  also  estimates  2-D  fre¬ 
quencies.  In  Hua’s  method,  two  estimation  steps  are  performed  to  separately  esti¬ 
mate  the  x-components  and  y-components  of  the  2-D  frequencies.  Then,  a  matching 
step  is  performed  to  find  the  correct  x-component  and  y-component  frequency  pair¬ 
ings.  The  matrix  pencil  method  is  employed  for  noise  cleaning  purposes  in  Hua’s 
method. 

The  polarimetric  characteristics  of  radar  targets  have  been  investigated  for  many 
years.  In  the  late  1940’s  and  early  1950’s  Kennaugh  [30]  developed  the  concept 
of  an  ‘optimal  polarization’  for  a  target.  This  optimal  polarization  is  found  by 
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determining  the  eigenvalues  of  the  monostatic,  monochromatic  scattering  matrix. 
The  eigenvector  corresponding  to  the  largest  eigenvalue  yields  the  transmit  and 
receive  polarization  which  yields  the  maximum  received  power  of  any  polarization. 
Also  related  to  this  is  the  ‘null  polarization’  concept,  which  is  the  transmit  and 
receive  polarization  which  provides  zero  received  power. 

Huynen  developed  a  phenomenological  theory  of  radar  targets  in  [31]  which  ex¬ 
tended  the  work  of  Kennaugh.  Huynen  characterized  a  target  by  a  3x3  set  of 
parameters  based  upon  power  quantities.  This  set  of  parameters  closely  resembles 
the  4x4  Stokes  reflection  matrix  [32].  The  Huynen  parameters  relate  to  the  physi¬ 
cal  characteristics  of  the  target.  The  Huynen  approach  is  monochromatic.  Boerner 
used  Kennaugh’s  optimal  polarization  concept  and  Huynen’s  work  to  analyze  the 
wideband  scattering  of  radar  targets  [33].  The  polarimetric  properties  of  scattering 
centers  on  the  target  are  isolated  by  gating  the  response  of  the  scattering  center  of 
interest  in  the  time  domain.  The  Huynen  parameters  of  the  a  scattering  center  on 
the  object  are  calculated  for  the  center  frequency  of  the  wideband  data.  This  work 
confirmed  the  assumption  that  the  high-frequency  scattering  from  a  complicated 
radar  target  consists  of  the  sum  of  the  scattering  from  a  finite  number  of  scattering 
centers. 

Another  polarimetric-based  method,  developed  by  Cameroon  [34],  used  the  po¬ 
larimetric  behavior  of  several  canonical  shapes.  The  scattering  matrix  for  each  scat¬ 
tering  center  is  decomposed  into  parts  corresponding  to  non-reciprocal,  asymmetric, 
and  symmetric  scatterers.  The  decomposition  proceeds  further  into  specific  scatter- 


8 


ing  types  which  fit  into  one  of  the  above  three  classes.  Classification  is  accomplished 
by  determining  the  specific  identity  of  each  scattering  center. 

Chamberlin  [4]  introduced  the  transient  polarization  response  concept  (TPR). 
In  the  TPR  concept,  the  target  is  illuminated  with  an  impulse  of  a  circularly  po¬ 
larized  electromagnetic  wave  and  as  the  wave  interacts  with  each  scattering  center 
on  the  target,  each  scattering  center  will  reflect  back  a  wave  with  a  polarization 
which  is  determined  by  the  polarimetric  characteristics  of  that  scattering  center. 
This  concept  has  been  investigated  in  1-D  utilizing  nonparametric  [4,  35,  36]  and 
parametric  [37,  38]  techniques.  This  dissertation  extends  the  parametric-based  TPR 
method  of  Steedly  [37,  38]  to  the  2-D  case. 

Classification  work  has  been  done  utilizing  the  scattering  center  approach.  Sands 
in  [39]  used  a  data  base  of  known  targets  and  compared  a  candidate  target  to  the 
known  targets.  In  this  work,  each  target  is  described  by  a  set  of  scattering  centers; 
only  the  scattering  center  location  is  important,  and  its  identity  is  not  used.  The 
data-base  target  that  has  the  best  “match”  to  the  candidate  target  is  declared  the 
winner.  Other  classification  work,  using  statistical  techniques  such  as  the  nearest 
neighbor  method,  is  reported  in  [40]. 

Much  of  the  above  work  assumes  that  the  scattering  centers  are  of  the  point 
scatterer  variety;  that  is,  the  models  only  allow  for  undamped  exponentials  in  one 
or  two-dimensions.  This  dissertation  allows  for  2-D  damped  exponentials.  This  is 
important  in  modeling  scattering  centers  which  are  not  point  scatterers,  and  thus 
do  not  have  scattering  characteristics  that  are  constant  as  a  function  of  frequency 
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or  angle. 

1.4  Summary  of  Chapters 

Chapter  II  defines  the  scattering  matrix  and  how  the  scattering  data  is  collected. 
This  is  a  background  chapter  which  outlines  the  assumptions  concerning  the  form 
and  content  of  the  scattering  matrix  and  how  the  scattering  coefficients  are  related  to 
the  radar  data.  Also,  the  conversion  of  the  scattering  matrix  from  one  polarization 
basis  to  another  is  outlined. 

Chapter  III  investigates  the  scattering  characteristics  of  canonical  scattering  cen¬ 
ters.  Techniques  such  as  The  Method  of  Moments  (MM)  and  The  Geometrical 
Theory  of  Diffraction  (GTD)  are  used  to  determine  the  scattering  characteristics  of 
structures  such  as  the  edge,  corner,  dihedral,  trihedral  and  cylinder.  The  scatter¬ 
ing  characteristics  of  each  canonical  shape  are  estimated  as  a  function  of  frequency, 
radar-target  orientation,  and  polarization.  The  high-frequency  scattering  model  for 
a  complicated  radar  target  is  defined,  which  is  the  sum  of  the  scattering  responses 
from  a  finite  number  of  canonical  scattering  centers.  Finally,  the  ability  of  a  damped 
exponential  model  to  accurately  model  the  scattering  characteristics  of  the  canonical 
scattering  centers  is  discussed. 

Chapter  IV  is  a  background  signal  processing  chapter  which  is  needed  to  intro¬ 
duce  1-D  and  2-D  signal  processing  techniques.  Non-parametric  techniques  such 
as  the  1-D  and  2-D  IFFTs  are  introduced  and  examples  are  shown  on  how  these 
techniques  produce  a  down-range  profile  and  an  image  of  a  target,  respectively.  The 
1-D  TLS-Prony  Technique  is  described,  which  is  a  1-D  parametric  signal  processing 
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technique.  Prony’s  model  (in  1-D)  is  introduced,  which  is  the  1-D  damped  exponen¬ 
tial  model  used  by  the  1-D  TLS-Prony  Technique.  The  estimation  algorithm  used 
by  this  technique  is  described,  and  examples  are  shown  which  illustrate  this  1-D 
technique.  Several  2-D  IFFT  based  image  generation  techniques  are  also  described. 
Images  generated  by  the  various  techniques  are  also  shown. 

Chapter  V  develops  the  2-D  TLS-Prony  Technique.  This  is  a  new  technique  for 
estimating  two-dimensional  (2-D)  poles  and  amplitude  coefficients  in  a  2-D  Prony- 
based  model.  The  fundamental  estimation  algorithm  involves  two  parts,  each  uti¬ 
lizing  a  1-D  singular  value  decomposition-based  technique.  This  2-D  technique  is 
capable  of  locating  frequencies  anywhere  in  the  2-D  frequency  plane.  The  basic 
algorithm  is  first  developed  for  a  single  2-D  data  set,  such  as  a  set  of  radar  mea¬ 
surements  with  a  single  transmit  and  receive  polarization.  Simulations  are  shown 
which  demonstrate  the  performance  of  the  algorithm  for  various  noise  levels.  Then, 
the  algorithm  is  extended  to  the  multiple  data  set  case,  which  applies  when  full- 
polarization  2-D  measurements  of  a  target  are  available.  Simulations  are  shown 
which  demonstrate  the  performance  of  this  algorithm  for  the  multiple  data  set  case 
for  various  noise  levels. 

Chapter  VI  discusses  examples  of  the  2-D  TLS-Prony  Technique  applied  to  sim¬ 
ulated  radar  data.  The  scattering  from  an  inclined  thin  metal  plate  is  generated 
using  the  Geometrical  Theory  of  Diffraction  (GTD).  This  data  is  used  by  both  the 
single-polarization  and  the  full-polarization  2-D  TLS  Prony  Techniques  to  estimate 
the  locations  and  the  polarimetric  characteristics  of  the  scattering  centers  on  the 
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plate.  Issues  involving  2-D  angular  and  frequency  bandwidths,  model  order  selec¬ 
tion,  effects  of  noise  on  parameter  estimates,  and  the  form  of  the  data  set  on  the 
2-D  frequency  plane  are  addressed.  Also,  the  validity  of  the  damped  exponential  to 
model  the  scattering  from  the  canonical  scattering  centers  is  addressed. 

Finally,  Chapter  VII  provides  a  summary  and  draws  conclusions  based  upon  the 
work  presented  in  the  dissertation.  Also,  areas  for  future  research  are  discussed. 


CHAPTER  II 


Target  Scattering  Fundamentals 


2.1  Background  and  Introduction 


This  chapter  describes  how  target-scattering  information  is  acquired  by  a  radar. 
A  target’s  scattering  characteristics  in  the  far  field  are  contained  in  its  scattering 
matrix.  The  scattering  matrix  contains  multiple  polarization  information  for  a  given 
object  at  a  given  orientation  relative  to  the  radar  at  a  specific  frequency.  In  its 
most  general  form,  the  scattering  matrix  for  a  target  is  a  function  of  frequency 
of  illumination,  target  orientation,  and  transmit  and  receive  polarizations.  It  is 
possible  for  a  target  to  have  both  monostatic  and  bistatic  scattering  matrices.  For 
this  research,  only  the  monostatic  case  is  investigated. 

2.2  Electromagnetic  Fundamentals 


It  is  assumed  that  the  target  is  in  the  far-field  of  the  radar  antenna.  Thus,  a  locally 
plane  wave  is  assumed  to  impinge  upon  the  target.  A  plane  wave  is  the  solution 
to  the  homogeneous  wave  equation.  Consider  Maxwell’s  Equations  in  their  time 
domain  point  form: 


V  x  £(3M) 


dt 
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Vx«(R,t)  =  Jv(K,t)  + 

V  •!>(»,<)  =  pv(X,t) 

V  •£(»,*)  =  0. 
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dV(9t,t) 

dt 


(2.1) 

The  spatial  position  of  the  field  quantities  is  denoted  by  3ft  (3ft  would  be  x,  y,  z  for  the 
standard  rectangular  coordinate  system)  and  t  denotes  time  in  Equation  2.1.  Note 
that  the  field  quantities  above  are  vectors.  In  this  chapter,  vectors  are  designated  by 
an  arrow  over  the  vector  quantity  ( e.g .  E)  and  complex  numbers  are  designated  by 
boldface  quantities  (e.g.  E).  It  is  assumed  that  the  media  of  propagation  between 
the  radar  and  target  is  ideal  free  space,  which  is  linear,  time-invariant,  homogeneous, 
isotropic,  dispersionless,  and  lossless.  With  the  use  of  the  Fourier  Transform,  to 
convert  from  the  (SR,  t)  domain  to  the  (3ft,  a;)  domain,  Maxwell’s  Equations  can  be 
expressed  in  the  frequency  domain  point  form  as 

VxE(3ft,w)  =  -jwB  (3ft,w) 

VxH(3ft,u>)  =  Jv  (3ft,  w)  +  ju/D  (3ft,  w) 

V  •  D  (3ft,  a; )  =  /*,(»,  w) 

V  •  B  (3ft,  w)  =  0  (2.2) 

where  u>  denotes  the  radian  frequency.  It  will  be  assumed  that  all  of  the  above  field 
terms  (in  Equations  2.2)  are  time-harmonic  [41],  and  thus  contain  an  implicit  e}UJt 
term.  This  term  is  suppressed  for  the  remainder  of  this  work.  The  constitutive 
relations  for  free  space  are 


D  —  e0E 


(2.3) 
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B  =  MoH.  (2.4) 

It  is  well  known  that  the  field  due  to  a  point  source  of  current  is  proportional  to 
e  °  where  r  is  the  distance  from  the  point  source  to  the  observation  point  and 
ka  =  where  A0  is  the  wavelength  of  the  electromagnetic  wave  in  free  space.  This 
is  the  mathematical  representation  for  a  spherically  expanding  wave.  However,  for 
this  research,  it  is  assumed  that  the  target  is  in  the  far  field  of  the  radar  antenna. 
Thus,  it  is  assumed  that  the  incident  electromagnetic  field  is  “locally-plane”  around 
the  target.  An  expression  for  a  plane  wave  is  found  by  solving  Maxwell’s  Equations 
in  a  source-free  region  (source-free  means  that  Jv  (3?,  u>)  =  0  and  pv  ( t )  =  0).  With 
some  manipulation  of  Equations  2. 2-2.4  the  free  space  wave-equation  is  found  and 
given  by 

V2E  -  k2a E  =  0,  (2.5) 

where 

2? r 

k0  —  U!  y/  fJ-o^o  =  t  •  (2*6) 

^ O 

A  solution  to  this  wave-equation  is  a  plane  wave  and  is  given  by 

E(3f,w)  =  E(3?,w)p,  (2-7) 

where 

E(»,u ;)  =  V*"^l”r,  (2.8) 

and 


£0  =  |E(S,u,)|. 


(2.9) 
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The  absolute  value  signs  take  the  magnitude  of  the  complex  scalar  E(3ft,a>).  The 
term  p  is  a  complex  unit  vector  which  expresses  the  direction  (or  polarization)  of 
the  electric  field.  The  terms  Ea  and  (f>0  are  the  arbitrary  magnitude  and  phases  of 
the  electric  field,  respectively.  This  wave  is  traveling  in  the  positive  r  direction.  The 
term  p  has  the  properties 

PP*  =  1,  (2-10) 

PPl  =  P*Pi  =  0,  (2.11) 

where  *  denotes  complex  conjugate.  The  unit  vector  pj_  is  defined  to  be  orthogonal 
to  the  unit  vector  p.  Using  linear  combinations  of  these  vectors,  it  is  possible  to 
construct  any  desired  polarization. 

2.3  Scattering  Matrix  Formulation 

As  stated  before,  the  scattering  matrix  relates  the  transmitted  electric  field  to  the 
scattered  electric  field.  The  transmitted  electric  field  will  be  expressed  as  the  lin¬ 
ear  combination  of  a  horizontally  polarized  component  and  a  vertically  polarized 
component.  Thus, 

=  E^pfc  +  E'.iv  (2.12) 

The  transmitted  electric  field  is  a  function  of  range  from  the  radar  (or  transmitter). 
The  electric  field  incident  upon  the  target  at  a  range  r0  from  the  radar  is  given  by 

E*  =  E*  (r0) .  (2.13) 

Of  course,  most  targets  have  physical  size  and  are  not  located  at  a  single  point.  It 
is  assumed  that  the  magnitude  of  the  incident  field  is  constant  in  the  vicinity  of  the 
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target,  but  the  phase  of  the  incident  field  is  not.  The  incident  electric  field  at  a 
distance  r,  from  the  reference  point  ra  is  given  by 

E i  (ri)  =  EoA^-2^) ,  (2.14) 

where 

E0  =  \Et(r0)\,  (2.15) 

and  4>0  is  an  arbitrary  phase  constant.  The  point  rQ  on  the  target  will  be  called  the 
phase  reference  point  on  the  target. 

The  scattered  electric  field,  Es,  is  a  function  of  range  from  the  target  (the  refer¬ 
ence  point  on  the  target,  designated  r0  for  the  incident  electric  field,  is  considered 
the  origin  for  the  scattered  electric  field).  Thus,  the  incident  electric  field  and  the 
scattered  electric  field  can  be  expressed  in  the  following  matrix  relationship  as 

E  jl(w) 

.  e;  m 

where  the  incident  field  value  is  measured  at  the  point  rQ  and  the  scattered  field  is 
measured  back  at  the  radar.  Equation  2.16  shows  how  the  polarization  of  the  scat¬ 
tered  field  may  be  different  than  the  polarization  of  the  incident  field,  and  thus,  the 
target  “changes”  the  polarization  of  the  electromagnetic  wave.  Since  the  scattered 
field  is  measured  at  the  radar,  and  it  is  known  that  the  scattered  field  will  expand 
spherically  in  the  far  field,  the  e  'r*°r  term,  where  r  is  the  distance  from  the  phase 
reference  point  on  the  target  to  the  radar,  can  be  taken  out  of  the  scattering  matrix. 
This  is  a  more  convenient  way  to  express  the  scattering  matrix.  The  a  coefficients 


a hh  (w)  a hv  (w) 

Efc  M 

a vh  (w)  (w) 

K  («) 

(2.16) 
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can  be  written  as 


,-jkoT 


&XY  =  S XY ' 


XY  £  [hh,hv,vh,vv 


(2.17) 


Using  Equations  2.17  and  2.16,  the  incident  and  scattered  electric  fields  are  now 
related  by 


KM 

KM 


s hh  M  shv  (w) 

S Vh  M  Sw  M 


K 

El 


i  m  1  (€!Y\ 
i  M  J  V  r  ) 


(2.18) 


where  the  four  s xy  elements  form  the  scattering  matrix.  The  scattering  matrix 
above  is  a  function  of  frequency  only  (and  not  range).  This  is  true  as  long  as  the 
radar  and  target  are  fixed  in  space  relative  to  one  another.  As  the  radar-target 
orientation  changes  (in  aspect  angle),  the  scattering  matrix  changes.  It  is  assumed 
in  this  research  that  the  range  between  the  radar  and  the  designated  phase  center 
on  the  target  remains  fixed.  If  this  is  not  the  case,  then  corrections  can  be  marie 
to  the  data  to  achieve  this  situation  [42].  Thus,  the  elements,  denoted  the 
scattering  coefficients,  are  a  function  of  radar- target  orientation.  For  the  purposes 
of  the  scattering  matrix,  only  one  set  of  angles,  (9,<f>),  is  required  to  designate  the 
radar-target  orientation. 

In  SAR,  the  radar  moves  while  the  target  remains  fixed,  whereas  in  ISAR,  the 
radar  remains  fixed  while  the  target  moves.  The  scattering  coefficients  are  identical 
for  either  scenario.  It  is  assumed  that  the  scattering  coefficients  correspond  to  the 
scenario  where  there  is  no  relative  velocity  between  the  target  and  the  radar.  If  this  is 
not  the  case,  then  the  measurements  can  be  corrected  to  simulate  this  situation  [42]. 
Figure  2  shows  the  radar-target  orientation.  This  is  a  target  fixed  coordinate  system; 
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Figure  2:  Radar  Target  orientation. 


that  is,  the  target  does  not  move  relative  to  the  coordinate  system,  and  only  the 
radar  moves.  Thus,  the  more  general  form  of  Equation  2.18  is  given  by 


E sh  (a/,0,0) 

.  E' (a/,0,0) 

s hh  (w,  9,  <t>) 
svh  (w,  9,  <}>) 


shv  (w,  9, 4> ) 

St ,*(«/,  0,0) 


Efc  (w,  0) 

e;  (a/,0,0) 


(2.19) 


where  the  coordinates  9  and  0,  as  defined  in  Figure  2,  are  the  standard  spherical 
coordinate  angles.  The  scattering  matrix  is  formally  defined  as 


S hv.hv  (^j  9 ,  0) 


s hh  (w,  0)  Sfct,  (w,  0,  0) 
St ,ft(w,0,0)  SOT(w,^,0) 


(2.20) 


where  the  hu  :  hv  notation  on  S/,*,../,,,  denotes  that  the  scattering  matrix  is  based  upon 
an  incident  field  (first  hv  term)  expressed  in  the  horizontal  and  vertical  polarization 
basis  and  a  scattered  field  (second  hv  term)  expressed  in  the  horizontal  and  vertical 
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polarization  basis. 

The  radar  cross  section  (RCS)  of  an  object  can  be  determined  from  the  scattering 
coefficients.  The  RCS  of  an  object  is  defined  as 

2|£,(u;,M,r)|2\ 


°XY  ( 


u),  0, 0)  =  lim  I  Airr2 

T—+OC  \ 


\Ei(u,e,t,T)  p, 

Comparing  Equations  2.19  and  2.21,  it  is  observed  that 


(2.21) 


(JXY  ~  47r|sjfy|2. 


(2.22) 


The  choice  of  a  horizontal  and  vertical  polarization  basis  was  arbitrary  and  any 
two  linearly  independent  bases  could  be  chosen  [31].  Usually,  orthogonal  bases  such 
as  left  circular-right  circular  or  horizontal-vertical  are  used.  The  scattering  matrix 
will  change  when  different  polarization  bases  are  chosen.  However,  the  scattering 
matrix  contains  all  of  the  inherent  target  information. 

The  conversion  of  the  scattering  matrix  from  one  polarization  basis  to  another 
is  easily  accomplished.  This  is  outlined  by  Chamberlin  in  [43],  Section  4.2.  For 
example,  the  conversion  from  the  horizontal-vertical  polarization  basis  to  the  right 
circular-left  circular  polarization  basis  is  given  by 


Srr(w,0,0)  Srl(u,0,4>) 

Slr  (W,  9 ,  <(>)  Srr  (w,  9,  0) 


shh  (u ;,  0,  0)  shv  (w,  9,  <t> ) 

Stih  (k*)  0)  Svv  ((a),  0,  0) 


u  rLhv  (2.23) 


or 


where 


Srf:W 


u  rl:hv  = 


y/2  [ 


1  ±1 

j  ±j 


(2.24) 


(2.25) 
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and  where  the  choice  of  sign  is  a  matter  of  convention  and  T  denotes  transpose. 
Choosing  the  second  column  of  Ur/;ht,  to  be  [1,  j]T,  the  receive  wave  polarizations 
for  transmit  left-circular  polarization  and  transmit  right-circular  polarization  are 
equal  at  cut  =  0  (assuming  the  scattering  matrix  is  unitary).  With  the  second 
column  of  Vrl:hv  set  at  -j-  [1,  j]T ,  Equation  2.23  reduces  to 

S rr  S rl  _  &hh  d"  j&hv  d"  j&vh  &hh  j^hv  d*  jsvh  d" 

S lr  Srr  Shh  -|-  jShv  j&vh  d"  S hh  j&hv  j&vh 

where  the  (a >,0,<p>)  notation  has  been  dropped  for  convenience.  Assuming  that 
s hv  =  svh  (valid  assumption  for  free  space,  which  is  the  assumed  media  of  propa¬ 
gation  between  the  radar  and  the  target),  Equation  2.26  reduces  to 

Srr  STi  _  S/i/i  d“  2  jShv  Sw1)  S hh  d"  Svv 

Sir  Srr  &hh  d*  Svv  S hh  2jS^„ 

Conversions  to  other  polarization  bases  are  accomplished  using  different  U ab-.cd 
matrices  (where  AB  and  CD  are  arbitrary  polarization  bases),  as  outlined  in  [43]. 

2.4  Summary 

In  this  chapter  the  scattering  matrix  and  the  data  collection  geometry  were  defined. 
It  was  shown  that  the  scattering  matrix  contains  all  of  the  inherent  target  infor¬ 
mation.  This  is  a  background  chapter  which  outlines  the  assumptions  concerning 
the  form  and  content  of  the  scattering  matrix  and  how  the  scattering  coefficients 
are  related  to  the  radar  data.  It  was  also  stated  here  that  the  assumed  media  of 
propagation  is  free  space.  The  concept  of  polarization  bases  was  also  introduced. 


CHAPTER  III 


Electromagnetic  Behavior  of  Canonical 
Scattering  Centers 

3.1  Background  and  Introduction 

Before  a  target  can  be  broken  down  into  its  primary  scattering  centers,  the  scattering 
characteristics  of  the  canonical  scattering  centers  must  be  estimated  and  modeled. 
The  scattering  characteristics  consist  of,  for  this  research,  the  monostatic  scattering 
as  a  function  of  frequency  of  illumination,  angle  of  incidence,  and  transmit  and 
receive  polarization.  A  great  deal  of  work  has  been  done  in  the  area  of  plane  wave 
scattering  prediction  for  simple  shapes  [44,  45].  Exact  analytical  scattering  solutions 
exist  for  only  a  few  simple  shapes,  such  as  a  sphere  and  an  infinite  right  circular 
cylinder. 

Approximate  methods  are  available  to  estimate  the  scattering  from  other  shapes. 
For  example,  the  Method  of  Moments  (MM)  [46]  is  a  numerical  technique  which, 
theoretically,  can  estimate  the  scattering  from  any  physical  structure.  It  has  been 
implemented  in  a  computer  code  [47]  for  flat  plate  type  structures,  which  can  be  used 
to  predict  the  scattering  from  simple  thin  rectangular  plates  and  combinations  of 
these  plates.  Shapes  such  as  dihedrals,  trihedrals  and  cubes  can  be  constructed  from 
combinations  of  these  shapes.  The  Geometrical  Theory  of  Diffraction  (GTD)  [48], 
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which  has  been  implemented  in  a  computer  code  [49]  for  limited  scenarios,  can  also 
be  used  to  predict  the  scattering  from  these  shapes.  The  GTD  is  an  asymptotic 
high-frequency  scattering  estimate;  that  is,  the  GTD  estimate  becomes  more  and 
more  accurate  as  the  frequency  increases.  The  MM  is  an  accurate  estimate  at  all 
frequencies,  but  as  the  frequency  increases  so  does  the  required  amount  of  computa¬ 
tions.  The  CPU  time  goes  up  as  frequency  to  the  fourth  power  for  two  dimensional 
objects  such  as  a  flat  plate.  Along  with  exact  and  approximate  theoretical  meth¬ 
ods  of  scattering  prediction,  experimental  scattering  results  exist  for  several  simple 
shapes  such  as  a  thin  metal  plate  and  a  sphere-capped  cylinder.  This  data  is  multiple 
frequency,  angle,  and  polarization. 

A  goal  of  this  chapter  is  to  develop  a  list  of  canonical  scattering  centers  which 
are  commonly  found  on  the  radar  targets  of  interest.  This  list  must  be  based  upon 
knowledge  of  what  basic  scattering  mechanisms  are  present  on  radar  targets.  Eight 
canonical  scattering  centers  are  analyzed  here.  They  are  the  point  scatterer,  sphere, 
flat  plate,  corner,  edge,  dihedral,  trihedral,  and  cylinder.  This  group  is  not  all 
inclusive  for  all  potential  radar  targets,  but  contains  scattering  centers  found  on 
many  radar  targets.  The  scattering  characteristics  of  each  will  be  analyzed  in  this 
chapter.  Also,  models  for  the  scattering  behavior  of  each  of  the  canonical  scattering 
centers  are  determined.  These  models  must  be  simple  enough  for  use  in  inverse 
scattering  algorithms  but  be  as  accurate  as  possible  from  an  electromagnetic  sense. 
These  models  are  listed  in  Table  1  at  the  end  of  the  next  section. 

Next,  the  scattering  from  a  complicated  target  is  modeled  by  the  sum  of  the 
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scattering  responses  from  a  finite  number  of  canonical  scattering  centers.  In  Chap¬ 
ter  V,  the  scattering  from  the  canonical  scattering  centers  is  modeled  by  damped 
exponentials.  The  validity  of  this  model  is  discussed  at  the  end  of  Chapter  III. 

3.2  Electromagnetic  Analysis 

In  this  section,  the  scattering  behavior  of  each  of  the  scattering  centers  are  investi¬ 
gated  as  functions  of  angle  and  frequency.  The  point  scatterer,  the  sphere  and  the 
infinite  circular  cylinder  have  exact  analytical  solutions.  The  remaining  scatterers 
in  Table  1  have  no  exact  solutions  and  are  analyzed  utilizing  the  MM  and  the  GTD. 
The  standard  spherical  coordinate  system  is  used  in  the  following  sections  and  is 
sketched  in  Figure  3.  It  also  must  be  pointed  out  that  this  analysis  concentrates 
on  the  high-frequency  scattering  of  a  structure.  As  stated  before,  high-frequency 
implies  that  the  overall  size  of  an  object  is  near  or  over  one  wavelength. 

3.2.1  Point  Scatterer 

The  point  scatterer,  by  definition,  scatters  identically  for  all  frequencies,  angles,  and 
polarizations.  Thus  the  model  for  this  scattering  center,  which  is  a  constant  for  both 
frequency  and  angular  dependencies,  is  simple  and  accurate. 

3.2.2  Sphere 

There  is  a  theoretical  solution  for  the  scattering  from  the  sphere  [45].  This  solution 
is  an  infinite  series  which  gives  the  backscattered  field  for  one  frequency  of  illumi¬ 
nation.  The  impulse  response  of  the  sphere  is  shown  in  Figure  4,  taken  from  [1]. 
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Figure  3:  Standard  spherical  coordinate  system. 

This  plot  has  three  curves.  The  solid  line  is  an  approximation  using  475  discrete 
frequency  solutions  found  using  the  exact  theoretical  solution.  Fortunately,  the  se¬ 
ries  solution  to  the  scattering  from  the  sphere  converges  quickly  and  an  accurate 
result  is  available  using  just  a  small  number  of  terms  (usually  around  25  terms).  A 
simple  Inverse  Fast  Fourier  Transform  (IFFT)  is  used  to  determine  the  time-domain 
waveform.  The  dotted  curve  in  Figure  4  is  found  using  the  Physical  Optics  (PO) 
scattering  approximation.  This  approximation  assumes  that  the  object  has  a  ‘lit’ 
side  and  a  ‘dark’  side.  The  lit  side  corresponds  to  the  surface  of  the  object  that  is 
directly  illuminated  by  the  incident  field  and  the  dark  side  is  the  remaining  surface 
of  the  object.  The  PO  approximation  assumes  an  equivalent  current  induced  by 
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Figure  4:  Impulse  response  approximation  for  a  conducting  sphere,  taken  from  [1]. 

the  incident  fields  on  the  lit  side  and  the  scattered  fields  arc  found  from  this  cur¬ 
rent.  The  final  curve  on  the  plot,  the  exponential  function  approximation,  is  the  PO 
approximation  along  with  two  exponential  functions  which  are  added  in  to  correct 
for  some  of  the  phenomena  that  the  PO  approximation  misses  such  as  the  creeping 
wave.  The  solid  line  in  Figure  4  is  based  upon  the  exact  electromagnetic  solution  to 
the  sphere  and  therefore  is  assumed  to  be  the  most  accurate  model  of  the  sphere. 
Note  that  there  is  an  impulse  function  (whose  energy  is  directly  proportional  to  the 
diameter  of  the  sphere)  associated  with  this  impulse  response  at  time  t'  =  0. 

The  RCS  of  a  sphere  of  radius  a  as  a  function  of  wavelength  is  shown  in  Figure  5 
taken  from  [2].  This  plot  was  generated  by  calculating  the  infinite  series  at  a  number 
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Figure  5:  Frequency  domain  response  for  a  conducting  sphere,  taken  from  [2].  The 
sphere  radius  is  a,  while  a  is  the  RCS  of  the  sphere. 

of  frequencies.  The  z-axis  of  this  plot  is  the  sphere  radius,  in  wavelengths.  As  the 
sphere  radius  increases  in  relation  to  the  wavelength,  it  can  be  seen  that  the  RCS  of 
the  sphere,  cr,  begins  to  converge  to  its  high-frequency  value  of  ira2.  Recall  that  the 
RCS  of  an  object  is  related  to  the  field  scattered  by  the  object  by  Equation  2.21.  The 
frequency  model  for  a  sphere  is  chosen  to  be  a  constant,  which  is  a  high-frequency 
approximation  to  the  actual  scattering  from  a  sphere.  Thus,  this  only  models  the 
impulse  function  in  Figure  4.  The  angular  behavior  for  a  sphere  is  constant  as  a 
function  of  angle  and  polarization  due  to  the  physical  symmetry  of  the  sphere.  Thus, 
the  angular  model  for  a  sphere  is  that  of  a  constant. 

3.2.3  Edge  and  Corner 

Since  the  methods  of  determining  the  scattering  from  edges  and  comers  are  identi¬ 
cal,  the  procedure  for  determining  the  scattering  from  each  will  be  described  con- 
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Figure  6:  Definition  of  a  corner  and  an  edge. 

currently.  The  scattering  by  the  edge  and  corner  are  approximated  by  taking  the 
scattering  results  for  a  flat  plate  using  the  MM  and  time-gating  out  an  edge  or 
corner.  For  the  purposes  of  this  research,  a  corner  is  defined  as  any  point  on  the 
perimeter  of  a  thin  polygonal  structure  (such  as  a  square  plate)  where  the  angle 
between  the  two  rays  extending  out  from  the  point  is  not  180°.  An  edge  is  defined 
as  the  knife-edge  structure  between  two  corners  on  the  thin  polygonal  structure. 
Figure  6  shows  the  definition  of  an  edge  and  a  corner  for  the  thin  square  plate 
structure. 

The  two  methods  used  to  estimate  the  scattering  from  edges  and  corners  are  the 
MM  and  the  GTD.  Historically,  the  MM  has  always  been  considered  a  ‘more  accu¬ 
rate’  estimate  since  it  is  a  numerical  approximation  to  the  actual  integral  equation 
that  arises  in  the  scattering  problem.  The  GTD  is  based  on  asymptotic  evaluations 
of  the  same  integral  equations  and  also  the  assumption  that  the  scattering  centers 
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on  a  structure  are  electrically  independent. 

The  impulse  response  of  a  thin  plate  shows  that  the  predominant  scattering 
centers  occur  at  edges  and  corners  which  are  physical  discontinuities.  This  confirms  a 
basic  assumption  of  this  research,  that  the  scattering  from  objects  occurs  at  isolated 
scattering  centers  such  as  the  corners  and  edges  of  thin  plates.  This  behavior  can 
be  exploited  to  determine  just  how  an  edge  alone  scatters.  Note  that  the  GTD 
prediction  of  the  scattering  from  an  edge  is  simply  the  sum  of  the  GTD  scattering 
predictions  of  the  two  corners  that  are  at  the  ends  of  the  edge. 

A  MM  solution  for  the  scattering  from  a  flat  plate  can  be  found  using  the  code 
described  in  [47].  Data  for  a  0.5  meter  square  flat  perfectly  conducting  thin  plate 
was  obtained  from  50  MHz  to  3.2  GHz  in  50  MHz  steps.  Due  to  computer  time 
limitations,  3.2  GHz  was  the  upper  bound  on  the  frequency  for  this  structure.  The 
plate  was  viewed  at  many  angles.  However  full  spherical  coverage  was  not  obtained 
once  again  due  to  computer  limitations.  Figure  7  shows  the  truncated  impulse 
response  of  the  0.5  meter  square  plate  oriented  as  shown.  Note  that  the  units  of  the 
scattering  magnitude  are  in  volts  per  meter.  These  magnitude  values  correspond  to 
the  scattered  electric  field,  ,  measured  one  kilometer  from  the  plate  for  an  incident 
field,  E'r,  of  one  volt  per  meter.  Many  of  the  scattering  plots  in  this  chapter  follow 
this  convention.  The  conversion  from  these  scattered  field  values  to  the  values  of 
the  scattering  coefficients  is  accomplished  by  multiplying  the  scattered  field  values 
by  1000  square  meters  per  volt  to  yield  the  scattering  coefficient  values. 

To  determine  the  scattering  from  an  edge  or  corner,  the  IFFT  was  used  to  convert 
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the  frequency  domain  data  to  the  time  domain  and  then  a  rectangular  bandpass  filter 
was  used  in  the  time  domain  to  isolate  the  scattering  center  of  interest.  The  Fast 
Fourier  Transform  (FFT)  was  then  used  to  convert  back  to  the  frequency  domain. 
Figure  8  shows  the  frequency  response  of  the  leading  edge  of  the  plate  found  by  the 
procedure  outlined  above.  Note  that  the  width  of  the  bandpass  window  in  the  time 
(or  range)  domain  is  0.5  meters.  The  x-axis  of  Figure  8  is  in  meters.  The  conversion 
between  time,  t,  and  down-range  distance,  ^down-range’  *s  S^ven  by 


j  -  — 

“down-range  2 


where  c  is  the  propagation  velocity  of  the  electromagnetic  wave  in  free  space. 

The  procedure  of  gating  out  the  scattering  centers  on  the  flat  plate  enables  the 
MM  to  yield  scattering  estimates  for  the  corner  and  the  edge.  In  a  1-D  sense,  this 
procedure  can  only  be  used  for  limited  aspect  angles  as  resolution  problems  arise 
for  certain  aspect  angles  when  the  corners  become  close  in  down-range  distance.  In 
2-D,  a  2-D  window  can  be  used  on  an  image  to  isolate  scattering  centers  of  interest. 

Two  of  the  factors  which  determine  the  quality  of  the  scattering  estimates  for  the 
corner  and  the  edge  using  the  MM  are  Gibb’s  phenomena  and  the  Fourier  resolution 
limit.  Gibb’s  phenomena  is  present  in  each  step  of  the  conversion  from  one  domain 
to  another  [50].  The  Fourier  resolution  limit  is  a  factor  in  separating  the  responses 
from  the  various  corners  of  the  plate  since  only  64  data  points  were  available  for 
each  aspect  angle.  However,  even  with  these  limitations,  the  MM  still  yields  valuable 
data  for  many  aspect  angles  and  is  a  much  needed  tool  in  this  analysis. 


The  GTD  was  also  used  to  analyze  the  scattering  response  from  the  corner  and 
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Figure  7:  MM  impulse  response  estimation  for  a  0.5m  square  inclined  flat  plate. 
Frequency  samples  from  50  MHz  to  3.2  GHz  in  50  MHz  steps  were  used.  Monostatic 
scattering  results  for  9  =  90°  and  <f>  =  0°  in  the  standard  spherical  coordinate  system. 
The  dashed  lines  on  the  plots  show  the  locations  of  the  leading  edge,  trailing  edge 
and  surface  wave  scattering  locations  for  the  plate. 
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Figure  8:  MM  frequency  domain  data  for  the  leading  edge  of  the  plate  shown  in 
Figure  7.  The  scattering  angle  is  once  again  6  =  90°  and  <fi  =  0°.  The  scattering 
center  isolation  technique  described  in  the  text  was  used  to  yield  the  above  data. 
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the  edge.  The  resolution  problems  associated  with  the  MM  solution  are  avoided 
by  using  the  GTD.  One  of  the  useful  features  of  the  GTD  and  RCS-BSC  2.0  [49] 
is  that  the  response  for  one  corner  of  a  plate  can  be  found  directly.  The  GTD 
determines  the  scattering  from  a  structure  by  first  calculating  the  scattering  from 
each  component,  such  as  a  corner  or  an  edge,  and  then  adds  all  of  the  components 
together  to  determine  the  overall  scattering  of  the  structure.  Thus,  the  scattering 
from  each  component  can  be  found  directly,  and  the  procedure  of  filtering  to  isolate 
scattering  centers  is  not  needed.  This  avoids  the  problems  of  Gibb’s  phenomena  and 
the  truncation  of  overlapping  responses. 

The  GTD  response  for  the  edge  of  Figure  8  is  shown  in  Figure  9.  Figure  9  was 
generated  using  the  computer  code  RCS-BSC  2.0.  Note  that  the  edge  is  basically 
a  constant  as  a  function  of  frequency  for  frequencies  where  the  plate  is  over  one 
wavelength  in  size,  which  is  the  region  where  the  GTD  results  are  accurate.  Figure  10 
is  the  frequency  response  of  a  corner  as  calculated  by  GTD.  Figure  11  is  the  frequency 
response  of  the  same  corner  found  by  using  the  MM,  range  gating  and  using  the  FFT 
as  described  earlier.  From  the  GTD  based  corner  scattering  estimate,  the  frequency 
response  of  the  corner  is  where  is  the  radian  frequency.  The  MM  estimate 
follows  this  behavior  for  part  of  the  bandwidth  selected  in  Figure  11.  Around  the 
ends  of  the  bandwidth  for  the  MM  estimate,  the  response  does  not  follow  the  i 
behavior.  Gibb’s  phenomena  may  account  for  this  due  to  the  windowing  required  to 
isolate  the  corner  in  the  range  domain.  Thus,  the  frequency  behavior  for  the  corner 
is  estimated  to  be  £  for  all  aspect  angles  and  all  polarizations.  Thus,  this  frequency 
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Figure  9:  GTD  impulse  response  estimation  for  the  leading  edge  of  the  plate  shown 
in  Figure  7.  Once  again,  the  scattering  angle  is  9  =  90°  and  4>  =  0°. 
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behavior  is  polarization  independent.  It  is  also  true  that  the  frequency  behavior  of 
an  edge  is  also  polarization  independent. 

Now  that  the  frequency  behavior  of  the  edge  and  corner  have  been  examined, 
their  angular  behavior  will  be  examined.  The  corner  and  the  edge  exhibit  highly 
variable  angular  behavior  as  shown  in  Figures  12,  13,  and  14.  Note  that  the  scat¬ 
tering  magnitudes  in  these  plots  are  expressed  in  RCS,  in  units  of  dB  relative  to  a 
square  meter  (DBSM).  One  noticeable  characteristic  is  that  there  is  a  large  jump  in 
the  scattered  field  when  the  radar  approaches  one  of  the  edges  that  makes  up  the 
corner  (that  is  <j)  =  0°,  90°,  180°,  and  270°).  The  angles  which  are  parallel  with  one 
of  the  edges  that  defines  a  corner  will  be  called  the  ‘grazing’  angles.  For  the  regions 
in-between  these  grazing  angles,  the  angular  response  is  almost  constant. 

For  the  edge,  the  scattering  is  relatively  constant  for  angles  of  which  are  not 
perpendicular  or  parallel  to  the  edge.  For  angles  which  are  perpendicular  or  paral¬ 
lel  to  the  edge,  which  are  designated  the  grazing  angles  for  the  edge,  the  angular 
behavior  is  impulsive.  Thus,  the  angular  model  for  these  scatterers  will  thus  reflect 
two  types  of  corners  and  edges,  one  with  a  constant  angular  behavior  and  one  with 
an  impulsive  angular  behavior. 

3.2.4  Dihedral 

A  dihedral  is  sketched  in  Figure  15.  The  frequency  response  amplitude  of  a  dihedral 
is  proportional  to  frequency  to  the  first  power,  or  u,  for  incident  angles  which  look 
into  the  interior  of  the  dihedral.  This  is  illustrated  in  Figure  16  taken  from  [3]  which 
used  the  GTD.  The  predominant  scattering  mechanism  occurs  at  the  apex  of  the 
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Figure  10:  GTD  frequency  response  estimation  for  the  leading  right  corner  (C3)  of 
the  plate  shown  in  Figure  7.  The  scattering  angle  is  fixed  at  9  =  90°  and  4>  =  45°. 
Frequency  domain  data  extends  from  50  MHz  to  20  GHz  in  50  MHz  steps. 
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Figure  11:  MM  frequency  response  estimation  for  the  leading  right  corner  (C3)  of 
the  plate  shown  in  Figure  7.  Once  again,  the  scattering  angle  is  6  =  90°  and  4>  =  45°. 
The  domain  jumping  techniques  described  in  the  text  were  used  to  yield  the  above 
frequency  domain  data. 
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Figure  12:  GTD  azimuthal  angular  response  estimation  for  the  leading  left  corner 
of  a  0.5m  flat  plate  residing  entirely  in  the  xy-plane.  The  elevation  angle,  8,  is  held 
constant  at  90°  while  an  azimuth  scan  is  done  in  <j>.  The  frequency  is  held  constant 
at  3.0  GHz. 
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Figure  13:  GTD  elevation  angular  response  estimation  for  the  leading  left  corner  of 
a  0.5m  flat  plate  residing  entirely  in  the  xy-plane.  The  elevation  angle,  0,  is  varied 
while  the  azimuth  is  fixed  at  <j>  —  0°.  The  frequency  is  held  constant  at  3.0  GHz. 


39 


Plat*  r*aid*a  ant  inly  in  ay-plan* 
Plat*  ia  0.5  a*t*ra  aquas* 


RCS 


GTD2.VV,  EDGE,  TH  =  90.0,  FR=  3.0 
o 

-20 

-40 

-60 

-80 

g  -100 

CO 
O 

-120 

-140 
-160 

-180 

-200 

0  40  80  120  160  200  240  280  320  360  400 

PHI  (DEGREES) 

Figure  14:  GTD  azimuthal  angular  response  estimation  for  the  leading  edge  of  a 
square  0.5m  flat  plate.  The  plate  resides  entirely  in  the  xy-plane.  Elevation  is 
held  constant  at  0  =  90°  while  the  azimuth  is  scanned  in  <j>.  The  frequency  is  held 
constant  at  3.0  GHz. 
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Figure  15:  Sketch  of  a  typical  dihedral. 


dihedral  which  can  be  seen  by  viewing  the  time  domain  waveform.  The  RCS-BSC 
2.0  code  does  not  have  the  capability  to  give  as  accurate  estimates  as  those  from  [3]. 
The  MM  was  run  for  the  dihedral  with  the  dimensions  given  in  Figure  15.  The  time 
and  frequency  domain  waveforms  are  given  in  Figures  17  and  18  respectively.  These 
results  confirm  those  in  Figure  16,  that  the  dihedral  has  a  frequency  dependence  of 
u ;. 

Note  that  a  dihedral  only  exhibits  the  u;  frequency  dependence  when  the  angle  of 
incidence  is  near  0  =  0°  in  azimuth  and  between  9  =  45°  and  9  =  135°  in  elevation 
for  the  dihedral  in  Figure  15.  If  the  dihedral  is  viewed  from  angles  other  than  this, 
then  the  u  behavior  is  not  valid  and  the  dihedral  response  is  more  like  that  of  corners 
and  edges. 

The  angular  behavior  of  the  dihedral  is  shown  in  Figure  19.  In  this  figure,  the 
radar  is  looking  into  the  opening  of  the  dihedral,  with  9  =  90°  and  fixed,  and 
scanning  in  azimuth  {<}>).  The  angular  behavior  is  basically  constant  except  around 
two  points.  The  largest  return  is  at  the  specular  point  where  there  is  an  impulsive 


Figure  16:  GTD  frequency  and  time  domain  response  estimates  for  the  scattering 
from  a  rectangular  dihedral,  taken  from  [3].  The  scattering  angle  is  6  =  90°  and 
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Figure  17:  MM  time  domain  response  estimate  for  the  scattering  from  the  dihedral 
shown  in  Figure  15.  The  scattering  angle  is  9  =  90°  and  <j)  =  0°.  The  frequency 
domain  data  used  to  generate  this  time  (or  range)  domain  plot  was  from  50  MHz  to 
1.65  GHz  in  50  MHz  steps.  The  IFFT  was  used  to  yield  the  time  domain  data. 
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Figure  18:  MM  frequency  response  estimate  for  the  scattering  from  the  dihedral 
shown  in  Figure  15.  The  scattering  angle  is  6  =  90°  and  <j>  =  0°.  The  frequency 
domain  data  used  to  generate  this  time  (or  range)  domain  plot  was  from  50  MHz  to 
1.65  GHz  in  50  MHz  steps. 
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Figure  19:  MM  angular  response  estimate  for  the  scattering  from  the  dihedral  shown 
in  Figure  15.  The  scattering  angle  0  is  held  fixed  at  90°  while  <p  is  scanned.  The 
frequency  is  held  constant  at  1.5  GHz. 
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type  behavior.  The  specular  point  corresponds  to  (f>  =  0°  and  9  =  90°  in  Figure  15. 
The  other  non-constant  angular  behavior  occurs  at  <$>  —  180°  and  9  =  90°.  This 
corresponds  to  looking  directly  at  the  apex  of  the  dihedral  from  behind. 

An  angular  elevation  scan  of  the  dihedral  fixed  at  0°  and  9  varied)  is  described 
in  [3].  It  consists  of  relatively  constant  behavior  between  the  two  faces  of  the  dihedral 
(for  9  between  45°  and  135°  for  the  dihedral  in  Figure  15)  with  a  sharp  drop  off 
outside  of  these  angles  and  back  to  a  constant  for  0°  <  9  <  45°  and  135°  <  9  <  180°. 
This  is  best  modeled  by  a  piecewise  constant  (step-like)  function. 

3.2.5  Trihedral 

The  trihedral  is  shown  in  Figure  20.  No  accurate  GTD  solutions  for  the  trihedral 
exist.  The  MM  was  run  for  the  trihedral  and  the  frequency  domain  plot  is  shown  in 
Figure  21.  This  figure  shows  that,  in  general,  the  scattering  response  is  increasing  in 
magnitude  as  frequency  increases.  The  results  shown  in  this  figure  do  not  support 
a  simple  frequency  model  for  the  trihedral.  The  validity  of  these  MM  results  are 
suspect,  since  the  basis  functions  chosen  for  the  MM  solution  outlined  in  [47]  may 
not  represent  the  current  distributions  that  exist  on  the  trihedral.  However,  this 
MM  solution  is  the  best  available  scattering  prediction  technique  for  the  trihedral. 
Thus,  since  a  simple  model  is  required,  the  most  accurate  simple  model  for  the 
frequency  domain  response  for  the  trihedral  is  that  of  tu,  for  incident  angles  which 
look  into  the  interior  of  the  trihedral.  This  is  consistent  with  the  model  chosen  for 
a  dihedral  when  the  incident  angles  for  the  dihedral  are  <fi  =  0°  and  45  <  9  <  135. 
It  is  assumed  that  the  same  type  of  physical  phenomena  (that  of  specular  return) 
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Figure  20:  Definition  of  a  trihedral. 


occurs  for  the  trihedral  for  viewing  angles  which  are  looking  into  the  interior  of  the 
trihedral  that  occurs  for  the  dihedral  when  the  viewing  angles  of  the  dihedral  are  at 
</>  =  0°  and  45  <  0  <  135. 

The  angular  behavior  of  the  trihedral  is  shown  in  Figure  22.  This  behavior 
suggests  that  the  scattering  is  much  larger  when  the  radar  is  looking  into  the  concave 
(or  interior)  structure  of  the  trihedral  than  it  is  when  the  radar  is  not.  Over  the 
viewing  angles  that  look  into  the  concave  structure  of  the  trihedral,  the  scattering 
behavior  is  nearly  constant.  The  scattering  behavior  is  also  somewhat  constant  over 
the  other  regions  (but  much  lower).  This  suggests  the  angular  model  of  a  piecewise 
constant  (step-like)  function. 

3.2.6  Flat  Plate 

The  flat  plate  can  be  described  by  the  sum  of  the  responses  of  the  edges  and  corners 
which  comprise  the  plate  for  almost  all  aspect  angles.  One  physical  phenomena 
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Figure  21:  MM  frequency  domain  response  estimate  for  the  scattering  from  the 
trihedral  shown.  The  scattering  angle  is  6  =  90°  and  <f>  =  0°.  The  data  is  from  50 
MHz  to  2.65  GHz  in  50  MHz  steps. 
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Figure  22:  MM  angular  response  estimate  for  the  scattering  from  the  trihedral 
shown.  The  frequency  is  held  constant  at  2.5  GHz.  The  elevation  angle  is  fixed  at 
9  =  90°  while  the  azimuth  is  scanned  in  <j>. 
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Flat  plate  in  xy-plane 

Figure  23:  Broadside  angle  of  incidence  off  of  a  flat  plate. 

associated  with  the  flat  plate  is  called  the  specular  reflection.  The  specular  reflection 
is  negligible  in  magnitude,  compared  to  the  returns  off  the  edges  and  corners  of  the 
plate,  except  around  one  angle  of  incidence.  This  angle  of  incidence  is  the  one  which 
is  perpendicular  to  the  flat  face  of  the  plate  as  shown  in  Figure  23.  This  angle  will 
be  called  the  broadside  angle. 

The  GTD  prediction  of  the  scattering  from  a  plate  at  broadside  is  shown  in 
Figure  24.  It  is  clear  from  th;s  plot  that  the  scattering  from  the  flat  plate  at  broadside 
is  directly  proportional  to  u/.  The  MM  was  used  and  confirmed  this  behavior.  This 
behavior  is  only  valid  for  a  very  small  angular  region  around  broadside.  For  angles 
off  broadside,  the  energy  associated  with  the  specular  phenomena  is  scattered  in 


50 


directions  other  than  the  backscatter  direction.  Based  on  this  information,  the 
frequency  model  for  the  flat  plate  will  be  u>  while  the  angular  response  will  be  6  (9). 

3.2.7  Cylinder 

The  cylinder  is  the  final  canonical  scattering  center  to  be  analyzed.  A  cylinder  is 
sketched  in  Figure  25.  An  exact  series  solution  for  the  scattering  from  an  infinite 
circular  cylinder  [45]  (infinite  in  the  z-direction  in  Figure  25,  finite  in  radius)  exists 
for  limited  aspect  angles.  From  [45],  the  frequency  domain  behavior  for  the  cylinder 
is  that  of  y/ui  for  angles  of  incidence  in  the  xy-plane  in  Figure  25.  For  angles  of 
incidence  between  0  =  0°  and  9  =  90°  in  Figure  25,  the  behavior  is  that  of  [51]. 
For  9  =  0°,  the  cylinder  is  a  flat  circular  plate  which  has  a  frequency  response  of 
u).  The  angular  characteristics  of  the  cylinder  are  constant  for  scans  in  0  due  to  the 
physical  symmetry  of  the  problem.  As  for  scans  in  9,  the  cylinder  will  be  modeled 
with  a  8  (0)  function  at  9  =  0°  and  9  =  90°  and  a  constant  function  between  0  =  0°+ 
and  9  =  90°—. 

3.3  Summary  of  Scattering  Characteristics  for  Canonical 
Scattering  Centers 

Table  1  is  a  summary  of  the  frequency  and  angular  models  of  the  canonical  scattering 
centers  discussed  in  the  previous  section.  The  analyses  presented  in  the  previous 
section  were  used  to  determine  the  models  in  Table  1  based  on  two  main  criteria.  The 
first  is  that  the  models  are  based  upon  electromagnetic  theory.  Second,  the  models 
must  be  simple  enough  to  be  used  in  inverse  scattering  algorithms.  In  Table  1,  uj  is 
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Figure  24:  GTD  frequency  domain  response  estimate  for  the  scattering  from  a  0.5m 
square  flat  plate.  The  scattering  angle  is  9  =  0°.  The  data  is  from  50  MHz  to  20 
GHz  in  50  MHz  steps. 
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Figure  25:  Sketch  of  a  right  circular  cylinder. 


the  radian  frequency  and  S  (ip)  and  U  (<p)  are  impulse  and  step  functions  of  angle, 
respectively.  U  (ip)  is  defined  as 


0,  ip  <  0 

1,  V  >  o 


(3.2) 


and  S  (ip)  is  the  standard  Dirac  impulse  function  centered  at  <p  =  0  as  defined 
in  [50].  Note  that  <p  is  an  arbitrary  angular  coordinate  which  is  needed  to  state 
the  models.  For  example,  from  previous  analysis,  it  is  known  that  the  dihedral  in 
Figure  15  has  its  impulsive  type  behavior  at  <£  =  0°  and  9  =  90°.  Thus  in  this 
case  <p  is  the  angular  variable  along  any  angular  swath  starting  at  this  point,  since 
6  (p>)  has  its  impulsive  behavior  at  tp  =  0°.  For  the  canonical  scattering  centers 
with  impulsive  angular  behavior,  the  angle  at  which  the  impulsive  behavior  occurs 
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Table  1:  Approximate  Frequency  and  Angle  characteristics  of  canonical  scattering 
centers. 


Scatterer 

Frequency  Dependence 

Angular  Dependence 

1.  Point  Scatterer,  Sphere 

constant 

constant 

2.  Corner,  no  grazing 

1 

U) 

constant 

3.  Corner,  grazing 

\ 

U) 

6(<p) 

4.  Edge,  no  grazing  nor  _L 

constant 

constant 

5.  Edge,  grazing  or  ± 

constant 

H<p) 

6.  Dihedral,  azimuth  scan 

jj 

8{<p) 

7.  Dihedral,  elevation  scan 

U) 

U(<p) 

8.  Trihedral 

U> 

UM 

9.  Cylinder,  9  =  90° 

y/i 0 

H<p) 

10.  Cylinder,  0°  <  9  <  90° 

1 

JZ 

constant 

11.  Flat  Plate  (specular) 

u> 

6{p) 

12.  Cylinder  at  9  =  90° 

U) 

H<p) 

corresponds  to  the  ip  =  0°  angle.  Also,  for  the  canonical  scattering  centers  with  a 
step  angular  behavior,  the  angle  at  which  the  step  behavior  occurs  corresponds  to 
the  <p  =  0°  angle.  Of  course,  for  the  canonical  scattering  centers  with  a  constant 
angular  behavior,  the  origin  of  the  ip  coordinate  is  not  fixed.  Also  note  that  9  in 
Table  1  is  the  9  in  the  standard  spherical  coordinate  system  (as  in  Figure  25). 

As  mentioned  before,  this  list  is  not  all  inclusive  for  all  of  the  types  of  canonical 
scattering  centers  which  appear  on  all  radar  targets  of  interest.  However,  this  list  can 
be  expanded  to  include  other  canonical  scattering  centers.  Also,  scattering  behavior 
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such  as  multiple  bounce  mechanisms  off  of  a  plate  and  two  scattering  centers  which 
are  electrically  very  close  can  be  modeled  and  added  as  new  entries  in  the  table. 

3.4  Scattering  Model  for  a  Complicated  Target 


It  is  assumed  that  the  scattering  from  an  electrically  large  complicated  target  such 
as  an  aircraft  or  a  tank  can  be  accurately  approximated  by  the  sum  of  the  scattering 
from  a  finite  number  of  predominant  scattering  centers.  The  model  in  Equation  3.3 
approximates  the  scattering  from  a  complicated  target  in  this  way  as 


E sh  (u,  0,  <t>) 
K  (fa ;,M) 


=  5Z  S7 

7=1 


El  (w,  e  A)  1  (e->k°T\ 
EJ,  (u>,  0, 4>)  _  \  r  ) 


(3.3) 


where 


S7 


slh  {u,Q,4>)  s Iv{uj,0,<i>) 

*ZviuA4>) 


(3.4) 


is  the  scattering  matrix  for  the  7-th  scattering  center  on  the  target.  S7  can  be 
further  decomposed  as 


s7  (w,  0 ,  4>) 


Phh  (M)  p IvWA) 


F1  (u)  e~jk°T' 


(3.5) 


or 

S7  (w,  0 ,  <t>)  =  P7  ( 0 ,  0)  F7  (o>)  .  (3.6) 

P7  will  be  called  the  polarization  matrix  and  is  not  a  function  of  frequency.  All 
of  the  terms  in  Equation  3.6,  namely,  S7,  P7  and  F7,  are,  in  general,  complex. 
The  distance  between  the  phase  center  of  the  target  and  the  arbitrarily  designated 
phase  center  of  the  7-th  scattering  center  is  given  by  r7.  Note  that  r7  is  an  implicit 
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function  of  6  and  <fi.  It  is  assumed  that  there  are  T  scattering  centers  on  the  target. 
It  is  also  worth  noting  that  this  is  a  full-polarization  scattering  model. 

As  shown  above,  for  the  canonical  scattering  centers  analyzed  in  this  chapter, 
separating  the  frequency  dependence  from  the  remainder  of  the  scattering  matrix 
is  reasonable.  However,  separating  the  angular  dependence  from  the  rest  of  the 
scattering  matrix  would  be  a  poor  assumption  for  canonical  scattering  centers  such  as 
the  corner  and  the  edge.  Of  course,  for  physically  symmetric  scattering  centers  such 
at  a  sphere,  the  angular  dependence  could  be  separated  from  the  rest  of  the  scattering 
matrix.  Most  radar  targets  of  interest  contain  many  corners  and  edges,  and  thus  a 
model  that  separates  the  angular  dependence  from  the  rest  of  the  scattering  matrix 
would  be  inappropriate. 

3.5  Damped  Exponential  Modeling  of  Scattering  Behavior 
of  Canonical  Scattering  Centers 

The  scattering  behavior  of  the  canonical  scattering  centers  was  outlined  in  Table  1. 
These  characteristics  were  electromagnetically  derived.  Later,  in  Chapter  V  the 
scattering  behavior  of  a  complicated  target,  for  a  single  transmit  and  receive  polar¬ 
ization,  in  the  frequency  and  angle  domains,  is  modeled  by 

d(m,n)  =  (3J) 

7=1 

where 

px y  =  7th  x-pole,  x-component  of  2-D  exponential  (complex  number) 

PVl  =  7fh  y-pole,  y-component  of  2-D  exponential  (complex  number) 
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a7  =  7th  amplitude  coefficient  (complex  number) 

T  =  number  of  scattering  centers  (integer) 

and  where  m  =  0, 1, ...  M  —  1  and  n  =  0, 1, ...  N  —  1.  This  is  the  2-D  extension 
of  Prony’s  Model  which  is  discussed  in  detail  in  Chapters  V  and  VI.  This  model 
assumes  the  complicated  target  is  comprised  of  T  scattering  centers.  The  7-th 
scattering  center’s  scattering  behavior,  for  a  single  transmit  and  receive  polarization, 
is  modeled  by  the  z-pole,  y-pole  and  amplitude  coefficient  triple,  {pX7,  Pj,7,a7}.  The 
magnitude  of  the  damped  exponential,  |pxJ,  determines  the  dispersion  of  the  7-th 
scattering  center  in  the  z-coordinate  of  the  transform  domain  (time  or  range  domain 
in  this  case)  while  the  angle  of  the  damped  exponential,  LpXi ,  determines  the  location 
of  the  7-th  scattering  center  in  the  z-coordinate  of  the  transform  domain.  Similarly, 
the  magnitude  of  the  damped  exponential,  |pj,J,  determines  the  dispersion  of  the 
7-th  scattering  center  in  the  y-coordinate  of  the  transform  domain  while  the  angle  of 
the  damped  exponential,  Lpy. r,  determines  the  location  of  the  7-th  scattering  center 
in  the  y-coordinate  of  the  transform  domain. 

From  Equations  3.3  and  3.6,  a  single  polarization  version  for  the  scattering  from 
a  complicated  target  is 

e;  K  e,  4>)  =  £  P 2,(0,  (w,  e,  4>)  (3.8) 

where  z  €  {h,  u},  y  £  {h,v}  and  zy  G  {hh,hv,vv}.  Comparing  Equations  3.7 
and  3.8,  the  7-th  individual  scattering  center’s  frequency  and  angular  dependencies 
are  modeled  by  two  damped  exponentials,  px^  for  the  frequency  dependence,  and 
p„7  for  the  angular  dependence.  Note  that  nere  are  two  angular  dependencies  in 
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Table  2:  Correspondence  between  terms  in  damped  exponential  scattering  model 
and  electromagnetically  based  scattering  model.  Note  that  xy  6  {hh,  hv,  vv}  and 
V  G  {h,v}. 


Term 

Electromagnetic  Model 

Damped  Exp.  Model 

Frequency 

Pl-y 

Angle 

PJ,(S.<A) 

Py- 1 

Amplitude 

— —■ ,  (a»,  9, 0),  and  amp.  diffs. 

a7 

Equation  3.8,  6  and  0.  When  data  is  taken,  it  is  taken  over  a  specific  angular  swath, 
and  this  angular  swath  is  a  function  of  both  0  and  0,  but  it  can  be  parameterized 
by  the  singular  angular  variable  tp.  Thus,  there  is  really  only  one  angular  variable 
over  which  the  data  is  taken.  There  is  also  an  amplitude  coefficient  associated  with 
the  7-th  scattering  center  in  Equation  3.7,  a7,  which  accounts  for  the  remaining 
terms  in  Equation  3.8  (namely,  the  incident  field  value,  (uj,  9,  0),  which  is  usually 
constant  and  equal  to  1,  the  s-~-  term,  the  amplitude  differences  between  the  an¬ 
gular  variable  p 7(0,  0)  and  pVi  and  the  amplitude  differences  between  the  frequency 
variable  F(u>)  and  px 7).  These  relationships  are  summarized  in  Table  2.  Recall  that 
the  terms  F7(u)  and  p ly(6,4>)  are,  in  general,  complex. 

The  frequency  dependencies  of  canonical  scattering  centers  are  well  modeled 
using  the  damped  exponentials.  However,  only  one  of  the  angular  dependencies, 
that  of  constant,  is  well  modeled.  The  other  two,  that  of  U{<p)  and  6{ip),  are  not 
well  modeled  by  damped  exponentials.  This  is  demonstrated  below. 

First,  the  frequency  dependencies  a^e  investigated.  Consider  a  radar  with  center 


frequency  10  GHz  and  a  bandwidth  of  2  GHz.  Scattering  data  is  generated  in  the 
1-D  frequency  domain  of  the  form 

df(v)=  v*  *7  =  0,1,...,  20  (3.9) 

where  to  and  rj  are  related  by 

to  =  27T7/(50MHz)  +  27r(9.0GHz),  (3.10) 

and  also  where  t  G  {  —  1,  — |,0,  1}  ( t  is  designated  the  “type”  of  the  scattering 

center)  and  where  /  =  £  ranges  from  9-11  GHz  in  50  MHz  steps,  which  yields  21 
data  points.  This  corresponds  to  a  scattering  center  located  at  the  origin  of  the 
transform  domain  (range  or  time  domain)  since  the  complex  phase  of  the  data  is 
zero.  Thus,  co'  represents  all  of  the  possible  frequency  dependencies  from  Table  1 
that  can  appear  in  Equation  3.8.  Next,  consider  the  simple  1-D  damped  exponential 
model  of  a  single  canonical  scattering  center, 

d(n)  =  apn,  n  =  0, 1,...20.  (3.11) 

The  1-D  TLS-Prony  parameter  estimation  algorithm  described  in  Chapter  IV  was 

used  to  estimate  the  parameters  a  and  p  from  the  data  df(ri).  Figures  26  through  28 

show  how  well  the  damped  exponential  models  all  the  frequency  dependencies  in 

Table  1  over  this  radar  bandwidth.  Table  3  gives  the  parameter  estimates  for  p 

and  a  along  with  the  relative  error  (RE)  between  the  actual  F(to)  and  the  damped 

exponential  estimate  for  each  of  the  F(o>)’s.  The  RE  is  calculated  by 

nr  II  I  M0)  <*/(!)  <t/(20)  ]  -  l  d(0)  d(  1)  ..  tf(20)  ]  || 

IIK(0)  <1,(1)  <1,(20)111 


(3.12) 
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Frequency,  GHz 

(a) 

Frequency  response  for  (omega^f-O.S)  type  canonical  scattering  center 


Frequency,  GHz 

(b) 

Figure  26:  Damped  exponential  modeling  of  frequency  dependencies  of  canonical 
scattering  centers  with  type  (a)  t  =  —  1  and  (b)  t  =  —0.5.  The  actual  frequency 
response  is  designated  by  the  solid  line  while  the  damped  exponential  model  is 
designated  by  the  dashed  line. 
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Frequency  response  for  constant  type  canonical  scattering  center 


Frequency,  GHz 


(a) 

Frequency  response  for  (omega)A(0.5)  type  canonical  scattering  center 

1.12; - . - t - , - , - , - t - -x- - . - X- 


Frequency,  GHz 

(b) 

Figure  27:  Damped  exponential  modeling  of  frequency  dependencies  of  canonical 
scattering  centers  with  type  (a)  t  =  0  and  (b)  t  =  0.5.  The  actual  frequency  response 
is  designated  by  the  solid  line  while  the  damped  exponential  model  is  designated  by 
the  dashed  line. 
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Frequency  response  for  (omega)*(  1 )  type  canonical  scattering  center 


Figure  28:  Damped  exponential  modeling  of  frequency  dependence  of  canonical 
scattering  center  with  type  t  =  1.  The  actual  frequency  response  is  designated  by 
the  solid  line  while  the  damped  exponential  model  is  designated  by  the  dashed  line. 

where  ||  •  ||  denotes  the  2-norm  of  the  data  (the  square  root  of  the  sum  of  the  squares 
of  the  elements  of  the  vector).  Note  that  all  of  the  estimates  for  a  and  p  were  real. 
The  estimates  of  p  are  expected  to  be  real  since  the  scattering  center  is  located  at 
the  origin  of  the  range  domain,  and  thus  Lp  =  0  is  the  correct  estimate.  Note  that 
the  REs  in  Table  3  are  small,  which  confirms  that  damped  exponentials  are  able  to 
closely  model  the  frequency  dependencies  of  the  canonical  scattering  centers. 

Next,  the  angular  dependencies  are  investigated.  Two  of  the  three  angular  de¬ 
pendencies  in  Table  1  are  not  modeled  well  using  damped  exponentials.  The  other, 
that  of  constant,  is  modeled  well.  The  exponential  model  for  the  angular  depen¬ 
dence  of  the  scattering  centers  is  identical  to  the  model  for  the  frequency  dependence, 
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Table  3:  Summary  of  amplitude  coefficients  and  poles  for  1-D  frequency  domain 
scattering  from  canonical  scattering  centers. 


type,  t 

a 

P 

RE 

I 

(jj 

-1 

0.9979 

0.9949 

0.00171 

II 

-0.5 

0.9989 

0.9975 

0.00085 

constant 

0 

1.0000 

1.0000 

0 

0.5 

1.0012 

1.0025 

0.00085 

uj 

1 

1.0026 

1.0051 

0.00171 

which  is  given  in  Equation  3.11.  Consider  data  corresponding  to  the  three  angular 
dependencies,  gathered  over  a  10  degree  azimuth  swath,  in  0.5  degree  steps,  given 
by 


0, 

1, 

0, 

1, 


l  o, 

d'c{n)  =  1, 


n  =  0,1,. ..,9 
n  =  10, 12,..., 20  ’ 

n  =  0, 1, . . . ,  10 
n  =  11 

n  =  12, 13,...,  20 
n  =  0, 1, ...  ,20, 


(3.13) 

(3.14) 

(3.15) 


where  d!v  corresponds  to  the  step-function  angular  dependence,  d'g  corresponds  to 
the  impulse-function  angular  dependence  and  d'c  corresponds  to  the  constant  angular 
dependence.  The  angle,  designated  by  ip,  is  assumed  to  vary  from  —5°  to  5°  over  the 
data  length.  This  data  corresponds  to  a  scattering  center  located  at  the  origin  of 
the  transform  domain  (range  or  time  domain)  since  the  angle  of  the  data  is  zero.  As 
with  the  frequency  dependencies,  the  above  data  was  modeled  using  the  1-D  damped 
exponential  model  and  the  results  are  shown  in  Figures  29  and  30  and  summarized 
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Table  4:  Summary  of  amplitude  coefficients  and  poles  for  1-D  angular  domain  scat¬ 
tering  from  canonical  scattering  centers. 


angular  dependence 

a 

P 

RE 

constant 

1.0000 

1.0000 

0 

W) 

0.1051 

1.1569 

0.5214 

«5(V0 

0.0476 

1.0000 

0.9759 

in  Table  4.  Table  4  gives  the  parameter  estimates  for  p  and  a  along  with  the  RE 
between  the  actual  angular  dependencies  and  the  damped  exponential  estimates  for 
each  of  the  angular  responses.  Note  that  all  of  the  estimates  for  a  and  p  were  real, 
as  before. 

From  the  above  analysis,  it  can  be  concluded  that  the  damped  exponential  model 
does  not  model  the  step  or  impulsive  angular  nature  of  the  scattering  centers  well 
from  a  RE  standpoint.  This  high  modeling  error  is  also  observed  in  Chapter  VI  for 
scenarios  when  the  data  demonstrates  this  angular  behavior.  However,  this  does  not 
preclude  the  damped  exponential  model  from  being  a  useful  model  for  the  scattering 
from  radar  targets.  Even  though  the  RE  is  high  for  scattering  centers  whose  angular 
behavior  is  that  of  a  step  or  impulse  function,  the  locations  of  the  scattering  centers 
are  well  estimated,  as  demonstrated  above  and  also  in  Chapter  VI. 

Even  though  the  damped  exponential  does  not  model  all  of  the  scattering  centers 
well,  it  is  still  an  improvement  in  the  modeling  of  radar  scattering.  Much  of  the 
previous  work  in  RTI  assumed  a  point  scatterer  model  for  the  scattering  from  all 
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Angular  response  for  constant  type  canonical  scattering  center 


Angle,  degrees 


(a) 


Angle,  degrees 

(b) 


Figure  29:  Damped  exponential  modeling  for  scattering  center  angular  dependencies 
of  (a)  constant  and  (b)  U(xp).  The  actual  angular  response  is  designated  by  the  solid 
line  while  the  damped  exponential  model  is  designated  by  the  dashed  line. 
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Angular  response  for  impulse  function  type  canonical  scattering  center 


Figure  30:  Damped  exponential  modeling  for  scattering  center  angular  dependence 
of  6 (ip).  The  actual  angular  response  is  designated  by  the  solid  line  while  the  damped 
exponential  model  is  designated  by  the  dashed  line. 

types  of  canonical  scattering  centers  [34],  [35],  [39].  The  extension  to  a  2-D  damped 
exponential  model  is  an  improvement  over  the  point  scatterer  model. 

3.6  Summary 

In  this  chapter  the  scattering  characteristics  of  several  canonical  scattering  centers 
were  examined.  Techniques  such  as  The  Method  of  Moments  (MM)  and  The  Ge¬ 
ometrical  Theory  of  Diffraction  (GTD)  along  with  others  were  used  to  determine 
the  scattering  characteristics  of  structures  such  as  the  edge,  corner,  dihedral,  tri¬ 
hedral  and  cylinder.  The  scattering  characteristics  of  each  canonical  shape  were 
estimated  as  a  function  of  frequency,  radar-target  orientation  and  polarization.  The 
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high-frequency  scattering  model  for  a  complicated  radar  target  was  defined,  which 
is  the  sum  of  the  scattering  responses  from  a  finite  number  of  canonical  scattering 
centers.  The  ability  of  a  damped  exponential  model  to  accurately  model  the  scatter¬ 
ing  characteristics  of  the  canonical  scattering  centers  was  discussed  in  detail.  The 
use  of  a  damped  exponential  is  an  improvement  over  the  use  of  a  point  scatterer 
model  for  the  scattering  from  canonical  scattering  centers,  as  was  done  in  much  of 
the  previous  work  in  RTI.  It  was  concluded  that  the  damped  exponential  models 
the  frequency  responses  of  the  canonical  scattering  centers  well,  but  does  not  model 
all  of  angular  responses  well.  Scattering  centers  exhibiting  impulsive  or  step  angular 
behavior  are  not  well  modeled  utilizing  a  damped  exponential.  However,  scattering 
centers  exhibiting  constant  angular  behavior  are  well  modeled  utilizing  a  damped 
exponential.  This  does  not  preclude  the  use  of  the  2-D  damped  exponential  to  model 
the  scattering  from  radar  targets. 


CHAPTER  IV 


Signal  Processing  Fundamentals 

4.1  Background  and  Introduction 

This  research  involves  the  analysis  of  multiple  angle  and  multiple  frequency  radar 
data.  The  analysis  of  1-D  multiple  frequency  radar  data  has  been  investigated  for 
many  years  [6]— [9].  One  method  of  obtaining  a  down- range  profile  of  the  target 
is  to  perform  a  simple  Inverse  Fast  Fourier  Transform  (IFFT)  on  the  frequency 
domain  data.  Issues  such  as  bandwidth,  resolution  and  unambiguous  range  must 
be  considered  using  this  approach.  High  resolution  parametric  techniques  such  as 
ARM  A  modeling  and  Prony  modeling  can  also  be  applied  to  the  data.  These  models 
are  appropriate  for  data  that  contains  localized  peaks  in  the  transform  domain,  as 
is  the  case  for  most  multiple  frequency  radar  data. 

The  analysis  of  2-D  multiple  frequency  and  multiple  angle  radar  data  has  mainly 
utilized  the  2-D  Fourier  Transform  [13].  These  techniques  are  also  applied  in  to¬ 
mography  and  have  applications  in  electron  microscopy,  x-rays,  radio  astronomy, 
geology  and  medical  imaging.  The  same  issues  involving  bandwidth,  sampling  and 
unambiguous  range  which  exist  in  1-D  also  exist  in  2-D.  High  resolution  parametric 
techniques  exist  in  2-D  [10],  [52]  and  are  appropriate  for  radar  targets  which  have 
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range-domain  profiles  which  contain  localized  scattering  centers.  Many  radar  tar¬ 
gets  do  not  have  range  domain  profiles  which  fit  this  description,  but  parametric 
techniques  still  may  be  appropriate  in  some  of  these  cases. 

First,  1-D  techniques  are  described  and  some  simple  examples  are  shown.  Then, 
2-D  techniques  are  introduced  and  several  examples  are  shown. 

4.2  One-Dimensional  Techniques 

It  is  assumed  that  we  are  given  complex  noisy  1-D  data  which  has  the  form 

dl  (n)  =  d  (n)  +  w  (n) ,  (4.1) 

where  n  =  0, 1, . . . ,  N  - 1,  w  (n)  is  the  noise  sequence  and  d  (n)  are  the  noiseless  data. 
Usually  this  data  consists  of  the  scattering  coefficients  as  a  function  of  frequency 
which  are  also  the  scattered  field  values  as  a  function  of  frequency  at  the  radar  (with 
the  --  3t°~  term  removed)  for  a  unity  incident  field  (E \{f)  =  1).  All  of  the  data 
samples  are  taken  with  the  radar-target  orientation  fixed.  The  frequency  spacing 
between  samples  is  6f  and  thus  the  total  bandwidth  of  the  data  is  (N  —  1)  6f.  This 
type  of  radar  data  is  usually  called  stepped  CW  data  (where  the  CW  stands  for 
continuous  wave).  This  refers  to  a  radar  measurement  taken  at  a  specific  frequency 
for  CW  illumination.  The  frequency  of  the  radar  is  stepped  to  the  next  value  and 
another  measurement  is  taken;  this  process  is  continued  until  all  of  the  data  is 
collected.  Radar  data  which  is  collected  over  a  non-zero  bandwidth,  such  as  with 
an  FM  ramp,  can  be  used  to  approximate  the  stepped  CW  type  of  data. 

The  unambiguous  range,  Ru,  is  the  total  size  (in  the  range  domain)  that  the 
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target  must  fit  in  to  avoid  aliasing.  This  is  different  than  a  more  classical  definition 
for  unambiguous  range  which  involves  the  Pulse  Repetition  Frequency  of  a  pulsed 
radar.  Thus,  for  this  research  the  unambiguous  range  is  related  to  6/  by 

*•  =  w,  <42> 


The  2  in  the  denominator  accounts  for  the  two-way  travel  of  the  electromagnetic 
wave.  The  Fourier  resolution  limit  in  the  range  domain  is  related  to  the  bandwidth 
(N  —  1)  6f  by 


F"-'  2 (Tv  -  1)4,' 


(4.3) 


The  first  method  of  obtaining  a  time-domain  or  down-range  profile  of  the  target 
is  to  simply  take  the  IFFT  of  the  data.  Recall  that  the  IFFT  is  given  by 


D'(l)  =  <t(n)eV  /  =  0,1,..., JV  -  1  (4.4) 

«=o 

where  {D^l)}^1  are  the  time  domain  data.  By  properly  scaling  the  time  axis  to 
the  range  domain  (as  in  Equation  3.1),  the  range  domain  profile  can  be  obtained 
from  the  data  {D'(l)}^1 .  Typically,  the  range  profile  plots  in  this  dissertation  are 
plots  of  the  magnitude  of  D'(l)  versus  range.  Examples  of  these  types  of  plots  were 
shown  throughout  Chapter  III. 

Examples  using  actual  radar  data  are  shown  here  in  Figures  31  and  32.  These 
figures  show  the  range  domain  profiles  generated  from  data  obtained  at  the  compact 
range  at  The  ElectroScience  Laboratory  (ESL)  at  The  Ohio  State  University.  The 
scattering  object  is  an  inclined  flat  plate  which  is  sketched  in  Figure  31.  Frequency 
dom-:u  data  was  obtained  from  2000  MHz  to  17980  MHz  in  20  MHz  steps  for  hh 
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polarization.  The  1-D  FFT  was  used  to  transform  the  frequency  domain  data  to 
the  range  domain.  Figure  31  shows  the  entire  unambiguous  range  while  Figure  32 
shows  only  the  section  of  the  unambiguous  range  which  contains  the  scattering  from 
the  plate. 

Bandwidth  is  an  important  factor  in  the  processing  of  radar  data.  Obtaining 
data  over  a  large  bandwidth  is  difficult  as  most  radars  operate  over  a  relatively 
small  bandwidth  (relative  to  the  radar’s  center  frequency).  This  is  why  parametric 
techniques  such  as  ARM  A  and  Prony’s  Method  are  useful.  These  techniques  can 
achieve  greater  resolution  than  Fourier  methods  for  the  same  bandwidth.  Because 
of  this,  if  a  resolution  criterion  is  set,  then  parametric  techniques  require  data  over 
a  smaller  bandwidth  than  that  required  by  Fourier  techniques. 

Prony’s  Model  is  given  by  [29] 

K 

d(n)  =  '52akPl,  n  =  0,1,...,  JV  —  1,  (4.5) 

k=  1 

where 

Pk  =  A:th  pole 

a*  =  A:th  amplitude  coefficient 

K  =  number  of  modes  (or  number  of  down-range  scattering  centers). 

Prony’s  Model  models  the  frequency  domain  data.  Parameter  estimation  is  required 
to  estimate  the  poles  and  amplitude  coefficients  from  the  given  data.  A  backward 
linear  prediction  approach  which  utilizes  a  Singular  Value  Decomposition  (SVD) 
based  noise  cleaning  (which  is  described  in  [29]  and  in  Chapter  V)  technique  is  used 


Range-domain  profile  of  ESL  plate  data 


Figure  31:  Impulse  response  estimation  for  an  inclined  flat  plate  from  ESL  data. 
The  scattering  angle  is  6  =  90°  and  (p  =  0°.  Frequency  domain  data  is  from  2000 
MHz  to  17980  MHz  in  20  MHz  steps.  The  polarization  is  hh.  The  1-D  FFT  was 
used  to  transform  the  frequency  domain  data  to  the  range  domain.  The  circles  on 
the  plot  indicate  the  down-range  locations  of  the  leading  and  trailing  edges  of  the 
plate. 


72 


Range-domain  profile  of  ESL  plate  data 


Figure  32:  Impulse  response  estimation  for  an  inclined  flat  plate  from  ESL  data. 
The  scattering  angle  is  9  =  90°  and  <f>  =  0°.  Frequency  domain  data  is  from  2000 
MHz  to  17980  MHz  in  20  MHz  steps.  The  polarization  is  hh.  Only  the  part  of  the 
impulse  response  which  contains  the  plate  data  is  shown.  The  1-D  FFT  was  used  to 
transform  the  frequency  domain  data  to  the  range  domain.  The  circles  on  the  plot 
indicate  the  down-range  locations  of  the  leading  and  trailing  edges  of  the  plate. 


to  determine  the  pole  estimates.  The  backward  linear  prediction  equations  are 


d'(0)  d'(l)  d'(  2) 

d'(  1)  d'(2)  d'(  3) 

d'(N-Q-l)  d'(N-Q)  d'(N-Q  + 1) 


or 


d'(Q) 
d'(Q  +  1) 

d'(N  -  1) 


«0.  (4.6) 


S 


1 

b 


«  0 


(4.7) 


where  Q  is  the  order  of  prediction,  and  b  is  the  coefficient  vector  of  the  polynomial 
B(z)  given  by 


B(z)  —  1  +  b\z  1  4-  622  ^  +  •  •  •  +  6q2  ® .  (4-8) 


Ideally,  Q  can  be  any  integer  greater  than  or  equal  to  the  model  order  K\  in  practice, 
choosing  Q  >  K  results  in  more  accurate  parameter  estimates  [53]— [55]. 

Equation  4.6  is  now  solved  for  b  by  performing  an  SVD  of  the  matrix  S  and 
truncating  all  but  the  first  K  singular  values  to  arrive  at  a  noise  cleaned  estimate 
S  [29].  Next,  S  can  be  written  as  [si  5j],  where  Si  is  a  column  vector  consisting  of 
the  first  column  of  S  and  where  Si  is  a  matrix  consisting  of  the  remaining  columns 
of  S.  Next,  the  estimate  of  6,  b ,  is  found  using  a  least  squares  solution,  which  can 
be  written  as 

6=-(5f5i)-15fs1,  (4.9) 

although  numerically  more  robust  solutions  (using,  e.g.,  the  QR  decomposition  [56]) 
are  preferred  to  direct  computation  of  Equation  4.9. 

Finally,  the  estimated  poles  are  found  by 


74 


Because  only  K  singular  values  of  S  are  nonzero,  there  are  at  most  K  pole  estimates 
which  can  correspond  to  true  modes.  Therefore,  only  the  K  poles  which  have  the 
largest  energy  will  be  retained.  To  determine  the  energy,  the  amplitude  coefficients 
must  first  be  estimated.  Consider  Equation  4.5  in  matrix  form, 


1  1  •••  1 

Pi  P2  *  •  •  PQ 

pi  pi  •  •  •  p2q 

‘  ai  ' 

a2 

m 

r  *(o) 

d'(  1) 

.  Pl  P2~l  •  •  •  PC)'1  . 

.  aQ  . 

.  d'(N  -  1) 

(4.11) 


or 


PA  =  V. 


(4.12) 


The  amplitude  coefficients  are  found  from  a  least  squares  solution  to  equation  4.12 
using  the  pole  estimates;  this  can  be  written 

A=(PHpy1PHV  (4.13) 


although  numerically  more  robust  solutions  (using,  e.g.,  the  QR  decomposition  [56]) 
are  preferred  to  direct  computation  of  Equation  4.13. 

Next,  the  Q  mode  energies  are  calculated  using 

E,  =  \S,  PEI?/"  1=  1.2 . Q •  (4.14) 

n=0 

The  K  poles  whose  corresponding  energies  are  highest  are  retained.  The  final  set 
of  K  amplitude  coefficients  are  rc-estimated  in  a  manner  analogous  to  that  outlined 
in  Equations  4.11  to  4.13.  The  only  differences  are  that  now  there  are  only  K  pole 
estimates  to  be  utilized  and  only  K  amplitude  coefficients  to  be  estimated. 
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Prony’s  model  is  now  applied  to  the  radar  data  of  a  flat  plate  obtained  at  the 
ElectroScience  Laboratory.  In  order  to  make  this  example  more  realistic  in  terms 
of  radar  data,  only  a  limited  bandwidth  of  the  data  will  be  used.  Frequencies  from 
8-9  GHz  are  used,  with  a  frequency  step  of  20  MHz  between  samples.  The  FFT 
of  this  limited  bandwidth  data  is  shown  in  Figure  33.  The  ’o’s  in  the  plot  denote 
the  locations  of  the  leading  and  trailing  edges  of  the  flat  plate.  From  this  figure  we 
see  that  the  edges  and  multiple  bounce  phenomena  associated  with  the  plate  are 
unresolvable  using  the  IFFT.  Using  the  SVD-Prony  method  described  above,  with 
model  orders  Q,  K  =  18, 4,  the  impulse  response  shown  in  Figure  34  was  found  from 
the  original  51  data  points. 

Figure  34  shows  how  the  SVD-Prony  method  easily  resolved  the  leading  and 
trailing  edges  of  the  plate  along  with  the  multiple  bounce  phenomena.  This  ex¬ 
ample  demonstrates  the  utility  of  parametric  techniques  such  as  Prony’s  model  to 
superresolve  scattering  centers  on  a  target. 

4.3  Two-Dimensional  Techniques 

As  in  1-D,  methods  of  obtaining  range-domain  profiles  of  the  target  have  centered 
around  the  2-D  Fourier  Transform.  First,  the  relationship  between  the  frequency 
domain  and  the  time  domain  will  be  established.  The  2-D  image  of  a  raaar  target 
is  sometimes  called  “the  reflectivity  density  function”  [57]  and  is  denoted  h(x,y). 

The  radar-target  geometry  for  2-D  imaging  purposes  is  shown  in  Figure  35.  The 
uv-coordinates  are  fixed  to  the  radar  while  the  xy-coordinatcs  are  fixed  to  the  target. 
The  range  between  the  maximum  extent  of  the  target  and  the  radar  is  assumed  to 
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Range-domain  profile  of  limited  bandwidth  ESL  plate  data 


Figure  33:  Impulse  response  estimation  for  an  inclined  flat  plate  from  ESL  data  for 
limited  bandwidth.  The  scattering  angle  is  6  =  90°  and  (f>  =  0°.  Frequency  domain 
data  is  from  9  GHz  to  10  GHz  in  20  MHz  steps.  The  IFFT  was  used  to  generate 
the  range-domain  data.  The  circles  on  the  plot  indicate  the  down-range  locations 
of  the  leading  and  trailing  edges  of  the  plate. 
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Range-domain  profile  using  SVD-Prony  Method 


Down-range  distance,  meters 


Figure  34:  Impulse  response  estimation  for  an  inclined  flat  plate  from  ESL  data 
for  limited  bandwidth  using  SVD-Prony  method.  The  scattering  angle  is  6  =  90° 
and  (f>  =  0°.  Frequency  domain  data  is  from  9  GHz  to  10  GHz  in  20  MHz  steps. 
The  circles  on  the  plot  indicate  the  down-range  locations  of  the  leading  and  trailing 
edges  of  the  plate.  The  model  orders  chosen  were  Q,K  =  18,4. 
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stationary  radar 

Figure  35:  Radar-target  geometry  for  2-D  imaging. 


be  much  greater  than  the  maximum  extent  of  the  target.  Also,  the  target  is  assumed 
to  be  in  the  far  field  of  the  radar.  When  measurements  are  taken  by  the  radar,  it 
is  assumed  that  there  is  no  relative  velocity  between  the  radar  and  the  target.  As  a 
start,  it  is  assumed  that  the  radar  is  radiating  a  single  frequency,  /.  For  a  fixed  ip 
and  a  particular  range  v,  the  signal  received  by  the  radar  is 

/OO 

h-4,{u,v)du  (4-15) 

-OO 

where 


hj,(u,v)  =  h(x,y) 


(4.16) 
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x  =  u  cos  (ip)  —  vsm('ip) 
y  =  u  sin  (ip)  +  v  cos  (ip). 


The  total  signal  received  at  a  given  ip,  H  (ip),  is  an  integral  of  all  signals  along  the 
projection  of  h  (x,  y)  onto  the  u-axis  modified  by  a  phase  factor  which  accounts  for 
the  round-trip  phase  delay  along  the  u-axis.  Thus, 


/°°  -ii*v 

p(v,ip)e  *  dv 

-OC 


(4.17) 


Utilizing  Equation  4.15,  Equation  4.17  becomes 


/oc  yoo 

/  hj,  (u,  v) 

-oo  J—oo 


e~^~  du  dv. 


(4.18) 


Realizing  v  =  y  cos  (ip)  —  xsin  (ip),  using  Equation  4.16  and  defining 


/.  = 

fv  = 


2  sin  (ip) 

A 

—2  cos  (ip) 


(4.19) 

(4.20) 


the  received  signal  at  the  radar  becomes 


/OC  yoo 

/  h(xiy)e-Wf'*+™  dx  dy.  (4.21) 

-oo  J—oo 

This  is  the  standard  2-D  Fourier  Transform.  All  of  the  useful  properties  which  exist 
for  the  Fourier  Transform  exist  for  the  2-D  Fourier  Transform  pair 


h(x,y)  <=►  H(f„f,,). 


(4.22) 


80 


From  Fourier  Theory  [50], 

/oo  roc 

/  df,  dfy.  (4.23) 

-oo  J — oo 

This  relationship  can  be  written  in  polar  form  by  defining  /  =  yj +  f*.  Thus 

roc  r2"K 

h(x,y)  =  /  /  H(f,1p)e~j2l,^xsi nW-lfco.^))  ^  (4 .24) 

Jo  Jo 

relates  the  reflectivity  density  function  to  the  frequency  domain  data.  Equations  4.15 
through  4.24  form  the  Projection-Slice  Theorem  [13]. 

In  practice,  we  will  have  samples  of  H  (/,  ip),  as  in  Figure  37,  and  wish  to  approx¬ 
imate  h  ( x ,  y)  from  these  samples.  The  samples  of  H  (/,  ip)  are  usually  the  scattering 
matrix  coefficients  of  the  target  as  a  function  of  frequency  and  angle.  Usually  one  of 
the  two  spherical  angles  is  fixed  and  the  other  is  varied  to  yield  a  2-D  “slice”  of  the 
target.  However,  any  angular  slice  of  the  target  can  be  used  to  generate  an  image. 

There  are  several  methods  which  are  used  to  approximate  h  (x,  y)  from  the  sam¬ 
ples  of  H  (/,  ip).  If  the  samples  of  H  (/,  ip)  are  on  a  polar  grid,  as  in  Figure  37,  one 
method  is  to  interpolate  the  data  to  a  rectangular  grid  and  apply  the  2-D  IFFT.  The 
quality  of  this  method  depends  on  the  interpolation  method  used.  Another  method 
is  to  numerically  approximate  the  double  integral  in  Equation  4.24.  Yet  another 
option  is  to  use  the  convolution-backprojection  method  [13].  One  type  of  data  set  in 
the  frequency  domain  is  shown  in  Figure  36,  which  corresponds  to  full  angular  cov¬ 
erage.  Figure  37  shows  the  case  of  the  data  available  for  limited  angular  coverage. 

In  practice,  data  is  usually  only  available  over  a  limited  angular  extent  (usually 
the  maximum  angular  extent  is  between  3°  and  20°  for  spotlight  mode  SAR  [57]). 
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Figure  36:  2-D  frequency  domain  data  set  for  full  angular  coverage. 

However,  since  there  is  full  angular  coverage  data  available,  both  types  of  data  sets 
are  examined. 

To  illustrate  the  application  of  the  various  types  of  imaging  methods,  images  of 
a  flat  plate  are  generated  using  two  methods.  The  first  two  data  sets  correspond 
to  full-angular  coverage  data  for  the  scattering  from  a  thin,  perfectly  conducting 
flat  plate.  These  data  sets  were  generated  using  the  MM.  First,  a  direct  numerical 
integration  of  Equation  4.24  is  utilized  to  obtain  two  images.  Then  the  polar  data 
is  interpolated  onto  a  square  grid  and  the  2-D  IFFT  is  used  to  generate  the  image. 
Also,  two  limited  angular  data  sets  exist  for  the  same  structure  generated  using  the 
GTD.  Images  are  formed  from  these  limited  angular  data  sets  by  using  the  polar 
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Figure  37:  2-D  frequency  domain  data  set  for  limited  angular  coverage. 

data  directly  in  the  2-D  IFFT  (without  interpolating  the  data  onto  a  rectangular 
grid). 

The  two  sets  of  full-angular  coverage  images  correspond  to  images  of  the  same 
structure,  but  over  different  angular  swaths.  The  angular  swaths  in  each  case  are  over 
the  same  spherical  coordinates,  but  the  plate  is  oriented  differently  in  the  spherical 
coordinate  system  for  each  image.  The  first  plate  orientation,  which  is  called  the 
flat  plate  orientation,  is  sketched  at  the  top  of  Figure  38.  In  this  orientation,  the 
plate  resides  entirely  in  the  xy-plane.  The  second  plate  orientation,  which  is  called 
the  inclined  plate  orientation,  is  sketched  at  the  top  of  Figure  41.  The  two  sets  of 
images  are  shown  to  demonstrate  the  dependence  of  the  image  on  the  angular  swath 
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of  the  scattering  data. 

Figure  38  shows  the  image  generated  from  MM  data  of  the  flat  plate  sketched  in 
the  figure  (flat  plate  orientation).  This  image  was  calculated  by  directly  integrating 
Equation  4.24.  The  data  samples  were  5°  apart  in  angle  and  the  frequency  extent 
was  from  50  MHz  to  3150  MHz  in  50  MHz  steps.  The  angular  sweep  was  done 
entirely  in  the  xy-plane  (9  =  90°).  The  unambiguous  range  in  each  direction  is 
three  meters,  but  not  all  of  this  range  is  shown  in  the  image.  The  data  samples  were 
the  complex-valued  scattering  matrix  coefficients  s h.h{f,<fi). 

Figure  39  shows  the  image  generated  from  MM  data  of  the  inclined  flat  plate 
sketched  in  the  figure  (inclined  plate  orientation).  As  with  the  previous  image,  this 
image  was  calculated  by  directly  integrating  Equation  4.24.  The  data  samples  were 
5°  apart  in  angle  and  50  MHz  apart  in  frequency.  The  frequency  extent  was  from 
50  MHz  to  3100  MHz.  The  unambiguous  range  in  each  direction  is  once  again  three 
meters,  but  not  all  of  this  range  is  shown  in  the  image.  The  angular  sweep  was  also 
done  entirely  in  the  xy-plane.  Note  that  the  image  of  the  plate  for  the  inclined  plate 
orientation  is  narrower  in  one  direction  while  the  image  of  the  plate  for  the  flat  plate 
orientation  is  square.  This  is  as  expected  since  the  inclined  plate  does  not  reside 
entirely  in  the  xy-plane.  The  expected  image  for  the  inclined  plate  is  the  projection 
of  the  plate  onto  the  xy-plane.  From  Figure  38,  since  the  flat  plate  resides  entirely 
in  the  xy-plane,  its  image  is  expected  to  be  square  (since  its  projection  onto  the 
xy-plane  is  square).  Figures  38  and  39  demonstrate  that  the  image  is  dependent 
upon  the  angular  swath  over  which  the  scattering  data  is  taken.  These  two  figures 


Flat*  resides  entirely  in  xy-plane 
Plate  is  0.5  meters  square 


Figure  38:  Image  of  a  plate,  in  the  flat  plate  orientation,  generated  by  direct  numer 
ical  integration  of  Equation  4.24  for  full  angular  coverage  data  (/i/i-polarization). 
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also  demonstrate  that  the  scattering  from  the  plates  occurs  from  the  corners  and 
edges  of  the  plates. 

Another  method  of  generating  an  image  from  full-angular  coverage  polar  data 
is  to  interpolate  the  data  onto  a  rectangular  grid  in  the  2-D  frequency  domain  and 
then  use  a  2-D  IFFT.  Usually,  it  is  desired  to  form  a  square  grid  in  the  2-D  frequency 
plane  so  that  the  image  will  not  be  distorted  in  one  of  the  cardinal  directions,  but 
the  2-D  IFFT  can  accept  data  for  the  more  general  case  of  the  rectangular  grid.  The 
image  corresponding  to  data  on  a  rectangular  (and  not  square)  grid  will  be  distorted 
in  one  of  the  cardinal  directions.  Two  interpolation  methods  are  examined.  Consider 
the  desired  point  on  the  rectangular  grid,  as  shown  in  Figure  40.  The  first  method 
(called  INTI)  calculates  the  data  value  at  the  desired  point  on  the  rectangular  grid 
as 

d(fx,  fy)  =  Zhl  +  (4.25) 

H  H 

d{fx 3>  fy3)(lt  ~  ^3)  d(fx 4,  fy 4)(lt  ~  U) 

It  It 

where 

It  ~  h  +  h  +  ^3  +  (4-26) 


The  second  method  (called  INT2)  calculates  the  data  value  as 


j/r  e\_  d  ( fxl )  fyl )  ,  d(fx2,fy2)  ,  d(fx3,fyz)  t  d(fxi,fyi)  /  4  c 7\ 

a \Jxi  Jy)  —  ..  -r  ..  T  T  ,,  • 

1  ‘t‘2  ltl  3 


These  two  methods  were  applied  to  the  plate  for  both  the  flat  and  inclined  plate 
orientation  data  and  the  difference  between  the  two  images  for  both  interpolation 
methods  was  insignificant.  Figure  41  shows  the  image  generated  from  the  flat  plate 
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Figure  39:  Image  of  a  plate  (inclined  plate  orientation)  generated  by  direct  numerical 
integration  of  Equation  4.24  for  full  angular  coverage  data  (/i/i-polarization). 
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Figure  40:  Desired  point  on  rectangular  grid  between  data  points  on  polar  grid. 

orientation  data  while  Figure  42  shows  the  image  generated  from  the  inclined  plate 
orientation  data.  The  INT2  method  of  Equation  4.27  was  used  to  generate  these 
two  images.  Once  again,  these  two  figures  demonstrate  the  fact  that  the  image  is 
dependent  upon  the  angular  swath  over  which  the  scattering  data  is  taken.  The 
images  in  Figures  41  and  42  are  images  of  the  same  plate  but  taken  over  different 
angular  swaths. 

By  comparing  Figures  38  and  41,  and  also  comparing  Figures  39  and  42,  it  is 
apparent  that  the  two  imaging  methods  described  here,  that  of  numerical  integration 
and  interpolation  coupled  with  the  2-D  IFFT,  yield  somewhat  different  images. 
Notice  how  the  corners  of  the  plate  are  much  more  pronounced  in  Figures  41  and  42, 
which  were  generated  using  interpolation  along  with  the  2-D  IFFT,  than  they  are 
in  Figures  38  and  39  which  were  generated  utilizing  numerical  integration. 
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Image  of  a  flat  plate 


Figure  41:  Image  of  a  fiat  plate  generated  by  interpolation  to  a  square  grid  followed 
by  the  2-D  IFFT  for  full  angular  coverage  data  (h/i-polarization). 

A  more  practically  realistic  case  is  that  of  limited  angular  extent  data.  An 
airborne  SAR  illuminating  either  a  stationary  or  a  moving  target  usually  will  not 
be  able  to  gather  full  angular  coverage  data.  One  way  to  treat  the  limited  angular 
extent  data  shown  in  Figure  37  is  to  treat  the  polar  grid  data  as  if  it  actually  lies  on  a 
rectangular  grid.  This  is  a  good  approximation  if  the  center  frequency  to  bandwidth 
ratio  is  large  and  the  total  angular  swath  is  small.  Another  way  to  treat  this  data 
is  to  interpolate  the  polar  data  to  a  rectangular  grid  just  as  with  the  full  angular 
coverage  data.  In  either  case,  the  2-D  IFFT  is  used  to  generate  the  image. 

To  show  an  example  of  a  limited  angular  extent  image,  Figure  43  shows  the 
image  of  the  plate  for  the  inclined  plate  orientation  generated  from  limited  angular 
data.  The  2-D  frequency  domain  data,  generated  by  the  GTD,  was  taken  from 
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Image  of  an  inclined  plate 


Figure  42:  Image  of  an  inclined  plate  generated  by  interpolation  to  a  square  grid 
followed  by  the  2-D  IFFT  for  full  angular  coverage  data  (h/i-polarization). 

(f>  =  37.5°  to  (f>  =  52.5°  in  0.5°  steps  with  6  fixed  at  90°  and  /  ranging  from  9  to 
11.55  GHz  in  0.085  GHz  steps.  Thus,  the  data  set  is  31  x  31  data  points.  The  polar 
data  was  directly  utilized  by  the  2-D  IFFT.  It  is  assumed  that  the  polar  grid  in  the 
2-D  frequency  plane  is  a  good  approximation  to  a  square  grid.  The  image  shows 
that  the  scattering  off  of  the  inclined  plate  occurs  at  the  corners  of  the  plate.  The 
edges  of  the  plate  are  not  visible  in  the  image  since  the  scattering  response  from  an 
edge  is  comparable  in  magnitude  to  the  return  off  of  a  corner  only  when  the  edge  is 
illuminated  broadside  (if  the  illumination  angle  was  at  <f>  =  0°).  The  image  can  be 
thought  of  as  the  view  one  would  get  of  the  plate  if  one  were  viewing  the  plate  from 
4>  «  45°  and  6  =  90°. 

Figure  44  shows  the  image  of  the  same  inclined  plate  but  the  limited  angular 
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Contour  image  of  tilted  flat  plate  at  43  degrees  (hh-polanzanon) 


Figure  43:  Image  of  an  inclined  plate  generated  for  limited  angular  coverage  data 
(/ih-polarization).  Frequency  domain  data  was  taken  from  <p  =  37.5°  to  <fr  =  52.5° 
in  0.5°  steps  with  9  fixed  at  90°  and  /  ranging  from  9  to  11.55  GHz  in  0.085  GHz 
steps.  The  GTD  was  used  to  generate  the  data.  The  plate  is  drawn  in  at  the  middle 
of  the  rotation,  at  <j>  =  45°. 
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data  is  taken  over  a  different  angular  sector.  The  frequency  domain  data  was  taken 
from  <f)  =  —7.5°  to  <fi  =  7.5°  in  0.5°  steps  with  9  fixed  at  90°  and  /  ranging  from  9 
to  11.55  GHz  in  0.085  GHz  steps.  Again,  the  GTD  was  used  to  generate  the  data 
and  the  data  set  consists  of  31  x  31  data  points.  The  polar  data  was  directly  input 
into  the  2-D  IFFT.  This  image  shows  how  the  edges  of  the  plate  appear  in  images 
when  the  viewing  angles  include  those  broadside  to  the  edge  (0  =  0°  in  this  case). 
For  this  plate,  the  h/i-polarization  response  from  the  front  edge  is  much  larger  than 
the  response  from  the  rear  edge  (the  front  edge  is  the  one  at  x  =  0.173  meters). 

In  the  above  examples  the  angular  and  frequency  spacing  was  chosen  so  that 
the  data  points  in  the  2-D  frequency  plane  were  roughly  evenly  spaced.  Also,  the 
GTD  was  used  for  the  limited  angular  extent  examples  so  that  the  data  would  be 
at  frequencies  around  10  GHz,  which  allows  the  spacing  at  the  lowest  frequency  to 
be  no  less  than  0.78  times  the  spacing  at  the  highest  frequency.  The  MM  could  not 
produce  data  at  frequencies  this  high  due  to  CPU/memory  constraints. 

4.4  Summary 

This  chapter  was  a  background  signal  processing  chapter  which  was  needed  to  intro¬ 
duce  1-D  and  2-D  signal  processing  techniques.  Non-parametric  techniques  such  as 
the  1-D  and  2-D  IFFTs  were  introduced  and  examples  were  shown  on  how  these  tech¬ 
niques  produce  a  down-range  profile  and  an  image  of  a  target,  respectively.  The  1-D 
TLS-Prony  Technique  was  described,  which  is  a  1-D  parametric  signal  processing 
technique.  Prony’s  model  (in  1-D)  was  introduced,  which  is  the  1-D  damped  expo¬ 
nential  model  utilized  by  the  1-D  TLS-Prony  Technique.  The  estimation  algorithm 
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Image  of  an  inclined  plate 


down-range,  meters 
Mesh  image  of  an  inclined  plate 


Mill 


Figure  44:  Image  of  an  inclined  plate  generated  for  limited  angular  coverage  data 
(h/i-polarization).  Frequency  domain  data  was  taken  from  <p  =  —7.5°  to  </>  =  7.5° 
in  0.5°  steps  with  6  fixed  at  90°  and  /  ranging  from  9  to  11.55  GHz  in  0.085  GHz 
steps.  The  GTD  was  used  to  generate  the  data.  The  plate  is  drawn  in  at  the  middle 
of  the  rotation  for  the  contour  plot.  The  mesh  plot  is  shown  to  demonstrate  the 
magnitude  differences  between  the  responses  from  the  front  and  rear  edges. 
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utilized  by  this  technique  was  described,  and  examples  were  shown  on  its  abilities. 
Several  2-D  IFFT  based  image  generation  techniques  were  described  such  as  numer¬ 
ical  integration,  interpolation  to  a  rectangular  grid  and  convolution-backprojection. 
Images  generated  by  the  various  techniques  were  shown  and  issues  such  as  angular 
swath  orientation  and  2-D  frequency  and  angular  bandwidths  were  discussed. 


CHAPTER  V 


The  Two-Dimensional  TLS-Prony  Technique 

5.1  Introduction 

This  chapter  presents  a  new  technique  to  estimate  two-dimensional  (2-D)  exponen¬ 
tials  and  their  associated  amplitude  coefficients  from  a  2-D  data  set.  It  is  called  the 
2-D  TLS-Prony  Technique.  First,  the  model  and  estimation  algorithm  are  devel¬ 
oped  for  a  basic  2-D  data  set.  This  data  set  could  correspond,  for  example,  to  the 
data  set  collected  by  a  SAR  for  a  single  transmit  and  receive  polarization.  The  algo¬ 
rithm  is  then  extended  to  utilize  multiple  data  sets  which  can  correspond  to  multiple 
transmit  and  receive  polarization  data.  This  is  designated  the  full-polarization  case. 

5.2  Basic  Technique  Description 
5.2.1  Background  and  Introduction 

The  2-D  TLS-Prony  Technique  is  a  parametric  technique  for  the  estimation  of  2-D 
exponentials  and  their  associated  amplitude  coefficients.  The  model  used  for  the 
data  is  a  2-D  extension  of  the  1-D  Prony  Model  in  Equation  4.5.  Prony’s  method 
coupled  with  a  total  least  squares  (TLS)  technique  in  1-D  has  been  successfully 
used  to  estimate  frequencies  in  the  presence  of  noise  [29]  as  shown  in  Chapter  IV. 
With  the  2-D  TLS-Prony  Technique,  2-D  exponentials  and  amplitude  coefficients 
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are  estimated  by  a  two-step  method  using  a  1-D  TLS-based  Prony  model  and  esti¬ 
mation  technique  in  each  step.  This  technique  is  capable  of  estimating  2-D  damped 
exponentials. 

A  related  method,  developed  by  Hua  [28],  estimates  2-D  frequencies.  In  Hua’s 
method,  two  estimation  steps  are  performed  to  separately  estimate  the  x-components 
and  ^-components  of  the  2-D  frequencies.  Then,  a  matching  step  is  performed  to 
find  the  correct  x-component  and  y-component  frequency  pairings.  The  2-D  TLS- 
Prony  Technique  is  similar  to  Hua’s  in  some  respects,  but  different  in  others.  With 
the  2-D  TLS-Prony  Technique,  the  x-components  of  the  exponentials  are  estimated 
first.  Then  amplitude  coefficients  corresponding  to  each  x-component  exponential 
are  estimated  and  these  estimates  axe  used  to  estimate  a  set  of  y-component  expo¬ 
nentials.  In  this  way  the  requirement  of  a  matching  step  is  avoided.  This  algorithm 
is  computationally  less  expensive  than  Hua’s  method,  and  more  amenable  to  parallel 
implementation.  A  second  algorithm  is  also  presented  in  which  the  first  algorithm 
is  used  twice,  first  to  estimate  x  then  y-component  exponentials  and  then  y  then 
x-component  exponentials.  The  second  algorithm  does  require  matching,  but  the 
computational  load  is  stil1  smaller  than  the  one  in  [28].  This  second  algorithm  gives 
more  accurate  parameter  estimates  than  the  first  algorithm. 

5.2.2  Data  Model 

The  given  noisy  2-D  data  is  assumed  to  have  the  form 


d'(m,  n )  =  d{m,  n )  4-  w(m,  n), 


(5.1) 
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where  m  =  0, 1, . . .  M  —  1  and  n  =  0, 1, . . .  N  —  1  and  w(m ,  n)  is  2-D  noise  sequence. 
The  first  index  of  d(m,  n)  is  referred  to  as  the  x-component,  and  the  second  index  as 
the  y-component.  The  x-component  is  analogous  to  the  frequency  component  and 
the  y-component  is  analogous  to  the  angular  component  in  the  2-D  frequency  plane. 
However,  the  data  which  is  used  in  this  algorithm  is  assumed  to  lie  on  a  rectangular 
grid  on  the  2-D  frequency  plane,  not  a  polar  grid  as  is  associated  with  data  on  the 
2-D  frequency  plane  which  is  collected  by  SARs.  Thus,  if  the  initial  data  lies  on  a 
polar  grid,  it  should  be  interpolated  onto  a  rectangular  grid  before  it  is  used  by  the 
2-D  TLS-Prony  Technique.  This  issue  is  investigated  in  Chapter  VI. 

The  noiseless  data  is  assumed  to  fit  the  2-D  damped  exponential  model 

d{m ,  n)  =  Y,  £  aUPZPn  ,>  (5-2) 

fc= l 

where 


Pxk  —  fcth  x-pole,  x-component  of  2-D  exponential 
Pyt.i  =  k,  Zth  y-pole,  y-component  of  2-D  exponential 
a k,i  =  k,  1th  amplitude  coefficient 
K  =  number  of  x- poles 

L*.  =  number  of  y-poles  corresponding  to  the  kih  x-pole. 


The  2-D  Z-transform  is  defined  for  the  model  in  equation  5.2  as 

K  Lk  CLu , 

b.(»,»)  =  EE 


1=11=1  (1  -  P.^.1)  (l  -  Pn  r-V  '  ) 


(5.3) 


where  zu  =  e?u  and  zv  =  e?v  [58].  Thus,  each  2-D  frequency  is  determined  by  the 
intersection  of  its  x  and  y-pole  locations. 
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Given  noisy  data  d'(m,n),  m  =  0, —  1  and  n  =  0,1,... TV  —  1,  the 
parameters  in  the  model  5.2  must  be  estimated.  Below  two  TLS-Prony  based  al¬ 
gorithms  for  estimating  these  parameters  are  presented,  called  Algorithm  One  and 
Algorithm  Two. 

5.2.3  Estimation  Algorithms 

Algorithm  One 

Algorithm  One  consists  of  four  steps.  The  x-poles,  {pXk  }£Lj,  are  first  estimated  using 
a  TLS-Prony  algorithm.  Second,  a  set  of  amplitr.de  coefficients  corresponding  to 
these  s-pole  estimates  are  computed.  The  amplitude  coefficients  are  themselves  used 
in  a  set  of  second  TLS-Prony  estimates  to  obtain  the  j/-pole  estimates,  \pyk  ,\K Lk , 
which  is  the  third  step.  Finally,  a  least  squares  technique  is  used  to  estimate  the 
amplitude  coefficients  {ak,l}k  l=\-  These  steps  are  detailed  below  and  summarized  in 
Table  5. 

Step  1:  Estimation  of  the  x-poles.  The  first  step  in  the  parameter  estimation 
problem  is  to  estimate  the  x-poles,  {pXk}k=v  A  matrix  composed  of  the  noisy  data, 
{d'(m,  is  defined  as 

'  d'(0,0)  d'(l,  0)  •••  d'(M-l,  0)  ‘ 

<f(0,l)  d'(l,l)  d'(M  -  1, 1) 

D  =  .  .  (5.4) 

.  d'(0,  TV  -  1)  d'(l,iV-l)  •••  d'(M  —  1,  TV  —  1) 

Moving  across  a  row  in  D'  is  considered  moving  in  the  x-direction  (frequency,  or 

down-range)  while  moving  down  a  column  is  considered  moving  in  the  y-direction 
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(angle,  or  cross-range)  in  the  2-D  frequency  plane.  Each  row  of  D'  can  be  used  to 
provide  an  estimate  of  the  x-poles.  However,  in  order  to  use  1-D  Prony  estimation 
procedures,  all  of  the  rows  of  D'  will  be  used  simultaneously  in  the  estimation  of  the 
x-poles.  A  total  least  squares  (TLS)  backward  linear  prediction  approach  similar 
to  [29]  is  used.  The  backward  linear  prediction  equations  are 


where  Q  is  the  order  of  prediction,  and  b  is  the  coefficient  vector  of  the  polynomial 
B(z)  given  by 

B(z)  —  1  ■+■  b\z  1  +  b2%  ^  +  •  •  •  +  bQZ  ® .  (5-7) 


Ideally,  Q  can  be  any  integer  greater  than  or  equal  to  the  model  order  K ;  in  practice, 
choosing  Q  >  K  results  in  more  accurate  parameter  estimates  [53]— [55].  Note  that 
all  of  the  rows  of  D'  are  used  simultaneously  to  estimate  a  single  set  of  prediction 
coefficients  (and  therefore,  a  single  set  of  x-poles). 


99 


Equation  5.6  is  used  to  solve  for  the  estimate  of  6,  b,  in  a  total  least  squares 
sense  to  arrive  at  a  minimum  norm  (TLS)  estimate,  where  the  Q  +  1  —  K  smallest 
singular  values  of  S  are  truncated  to  arrive  at  a  noise  cleaned  estimate  S.  This  is 
outlined  in  [29]  in  detail,  but  a  summary  is  given  here.  Consider  the  singular  value 
decomposition  (SVD)  of  S, 

S  =  UHVH  (5.8) 


where 


o 


°Q+ 1 


(5.9) 


and  {oi,  (72, ... ,  (7q+ i}  are  the  singular  values  of  S ,  which  are  ordered  from  largest 
to  smallest  (i.e.  ai  >  a2  >  ...  >  <7q+i).  Note  that  E  is  a  (M  —  Q)N  x  (Q  4-  1) 
matrix.  The  form  in  which  E  is  written  assumes  that  ( M  —  Q)N  >  (Q  +  1),  and  if 
this  is  not  true,  then  E  should  be  written  with  more  columns  than  rows.  The  noise 
cleaned  estimate  of  5,  S,  is  formed  by  truncating  the  smallest  Q  +  1  —  K  singular 
values  in  E  and  replacing  them  with  zero.  Thus,  S  is  formed  by 


s  =  utvH 


(5.10) 
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where 


°2  O 


E  = 


°k 

0 


o 


(5.11) 


Note  that  E  is  a  (M  —  Q)N  x  (Q  + 1)  matrix,  just  as  E  is.  Next,  S  can  be  written 
as  [sj  5i],  where  sj  is  a  column  vector  consisting  of  the  first  column  of  S  and  where 
Si  is  a  matrix  consisting  of  the  remaining  columns  of  S.  Next,  the  estimate  of  b,  6, 
is  found  using  a  least  squares  solution,  which  can  be  written  as 


S  =  -(§?  §,)-'§?  tu 


(5.12) 


although  numerically  more  robust  solutions  (using,  e.g.,  the  QR  decomposition  [56]) 
are  preferred  to  direct  computation  of  Equation  5.12.  The  estimated  z-poles  are 
found  by 


PxQ  = 


1 


zero, 


(S(z))’ 


9=  1,2 


(5.13) 


Because  only  K  singular  values  of  S  are  nonzero,  there  are  at  most  K  z-pole  esti¬ 
mates  which  can  correspond  to  data  modes.  Therefore,  only  the  K  z-poles  which 
have  the  largest  energy  will  be  retained  (as  discussed  in  Step  2  below). 


As  stated  before,  this  method  of  noise  cleaning  S  by  truncating  all  but  the  K 
largest  singular  values  of  S  is  described  in  detail  in  [29].  This  is  considered  a  total 
least  squares  (TLS)  solution  since  (he  entire  S  matrix  is  noise  cleaned  in  the  SVD 
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step.  There  is  another  method  of  noise  cleaning  which  was  investigated  in  this  work. 
That  is,  that  the  SVD  of  the  Si  matrix,  which  is  a  matrix  composed  of  all  but  the 
first  column  of  S ,  is  taken  and  the  same  noise  cleaning  techniques  which  were  applied 
to  S  are  applied  to  S\.  This  is  considered  a  solution  in  the  least  squares  (LS)  sense 
since  the  data  vector  (s i  which  is  the  first  column  of  S)  is  not  perturbed  in  the 
solution.  This  LS  method  of  noise  cleaning  was  found  to  yield  larger  variances  in 
the  z-poles  estimates  than  the  TLS  method  presented  above.  This  is  expected  since 
the  TLS  method  noise  cleans  both  the  Si  and  the  Si  matrices  simultaneously,  while 
the  LS  method  only  noise  cleans  the  Si  matrix. 

Step  2:  Estimation  of  the  z-amplitude  Coefficients.  Before  the  y-poles  are 
estimated,  z-amplitude  coefficients  must  first  be  estimated.  They  are  defined  as 

Lk 

c«,«  =  Q  =  1,2,...,  Q.  (5.14) 

1=1 

With  this  definition,  the  model  associated  with  equation  5.2,  using  the  estimated 
z-poles,  is  written  as 

Q 

d{m,n)  =  J2cq,nP?q  (5.15) 

9= 1 

where  c9i„  is  the  yth  z-amplitude  coefficient  associated  with  the  nth  row  of  D'. 

Note  that  the  equations  in  5.15  are  uncoupled  for  different  values  of  n.  Thus, 
each  row  of  D'  will  give  an  z-amplitude  coefficient  estimate  for  each  z-pole.  The 
z-amplitude  coefficients  are  an  intermediate  step  in  the  estimation  procedure  and 
are  completely  defined  in  Equation  5.14.  Also  note  that  the  y-pole  model  orders, 
{Lk)k=v  may  be  different  for  each  of  the  K  z-poles.  Equation  5.15  is  used  to  solve 
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for  the  Cq  ns  as  follows 

1  1  •••  fir 

d  V  ...  n  Cl’°  Cl’x 

FX\  Px  2  Vxq 

r?  r ?  ...  r>2  C2’°  C2’X  c2,iV-l 

*  X\  P X2  Pxq 

1  0M-i  ...  DA/-1  L  CQ,0  CQ,1  •••  CQ,iST_i 

Px  i 

or 

PXC  =  D,t.  (5.17) 

The  initial  set  of  x-amplitude  coefficients  are  found  from  a  least  squares  solution  to 
Equation  5.17  using  the  x-pole  estimates;  this  can  be  written  as 

C=(P?P,y'P?D’T,  (5.18) 

although  numerically  more  robust  solutions  (using,  e.g.,  the  QR  decomposition  [56]) 
are  preferred  to  direct  computation  of  Equation  5.18. 

As  previously  stated,  because  only  K  singular  values  of  S  are  nonzero,  there  are 
at  most  K  x-pole  estimates  which  can  correspond  to  data  modes.  Therefore,  only 
the  K  x-poles  which  have  the  largest  energy  are  retained.  This  is  done  by  computing 
the  Q  x-mode  energies  as 

N- 1  M-l  2 

Eq  =  £  M2  £  \pXq\  m  q  =  1,2, . . . , Q  (5.19) 

71=0  771=0 

and  retaining  those  K  x-poles  whose  corresponding  energies  are  highest. 

The  final  set  of  K  x-amplitude  coefficients,  the  ct<ns,  are  estimated  using  a 
procedure  identical  to  the  one  used  above  to  estimate  the  initial  set  of  x-amplitude 
coefficients.  This  method  is  outlined  here.  A  shortened  version  of  Equation  5.15  is 


=  D,t,  (5.16) 
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used,  given  by 

K 

d(m,  n)  =  (5.20) 

fc=i 

where  is  the  fcth  x-amplitude  coefficient  associated  with  the  nth  row  of  D' . 
Thus,  Equation  5.20  is  used  to  solve  for  the  cjt,„s  as  follows 


1 

Px, 

1 

Px,  ' 

i  ■ 

••  Px  K 

Cl.O 

C2.0 

Cl,l  • 
C2,l  • 

••  C2>JV- 1 

Px, 

Px,  • 

••  pIk 

Q 

II 

(5.21) 

P^-1 

vi-1  • 

p^_1 

K 

.  CK,  0 

CJC,  1  • 

••  CK,N-1 

l 

>*c  = 

D't. 

(5.22) 

As  with  the  initial  set  of  x-amplitude  coefficients,  the  final  set  of  x-amplitude  co¬ 
efficients  are  found  from  a  least  squares  solution  to  Equation  5.22  using  the  x-pole 
estimates;  this  can  be  written  as 

C  =  ( P*“p?y 1  P*“d't,  (5.23) 

although  numerically  more  robust  solutions  (using,  e.g.,  the  QR  decomposition  [56]) 
are  preferred  to  direct  computation  of  Equation  5.23. 

Note  that  the  final  set  of  x-amplitude  coefficients  are  estimated  from  the  K 
true  x-pole  estimates,  as  opposed  to  simply  taking  the  initial  set  of  x-amplitude 
coefficients  which  correspond  to  the  K  highest  energy  modes.  This  re-estimation 
of  x-amplitude  coefficients  should  allow  the  parameter  estimates  (when  used  in  the 
model  in  Equation  5.2)  to  better  model  the  original  data. 

The  x-amplitude  coefficients  serve  as  the  input  data  to  the  second  Prony  model 
which  determines  the  y-pole  locations  and  ultimately  the  amplitude  coefficients.  For 
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each  x-pole,  there  are  N  x-amplitude  coefficients,  each  corresponding  to  a  different 
t/-direction  data  set  (a  different  column  of  D').  The  x-amplitude  coefficients  hold 
the  information  which  yields  the  y-pole’s  locations  in  the  transform  domain. 


Step  3:  Estimation  of  the  y-poles.  The  x-amplitude  coefficients  are  now  used 
to  solve  for  the  y-poles.  For  each  of  the  K  high  energy  x-poles,  the  backward  linear 
prediction  equations  for  the  model  given  by  Equation  5.14  become 


Cfc,  1 

■  ■  ■  Ck,Rk 

CM 

Cfc,  2 

■■■  Ck,Rk  + 1 

Ck,N-Rk-l 

Ck,N-Rk 

•  •  •  Ck,N- 1  . 

1 

bk 

b2 

- 

.bk  . 

0  k  =  1,2,...,  K  (5.24) 


or 


1 

bk 


0 


(5.25) 


where  Rk  is  the  order  of  prediction  for  the  y-poles,  and  bk  is  the  coefficient  vector 
of  the  polynomial  Bk(z)  given  by 


Bk(z )  =  1  +  bkz~l  +  bkz~2  +  •  •  •  +  bkRkz-R\  (5.26) 

Again,  Rk  can  be  any  integer  greater  than  or  equal  to  L*,  while  in  practice  choosing 
Rk  >  Lk  results  in  more  accurate  parameter  estimates  [53]— [55]. 

Equation  5.25  is  used  to  solve  for  the  estimate  of  bk,  bk ,  in  a  total  least  squares 
sense,  analogous  to  the  manner  described  in  Step  1,  to  arrive  at  a  minimum  norm 
(TLS)  estimate,  where  the  K*  +  1  —  Lk  singular  values  of  Fk  are  truncated  to  arrive 
at  a  noise  cleaned  estimate  Fk  (see  [29]  or  Step  1  for  details). 


105 


The  y- pole  estimates  are  thus  given  by 

1 

Pyk.r  k  ~ 


rk  =  1,2, 


(5.27) 


zero,,  (b‘(z))  ’ 

The  procedure  from  Equation  5.24  to  Equation  5.27  is  carried  out  K  times  to  esti¬ 
mate  the  y-poles  corresponding  to  each  of  the  K  x-poles.  Because  only  Lk  singular 
values  of  Fk  are  nonzero,  there  are  at  most  Lk  y-pole  estimates  which  can  corre¬ 
spond  to  data  modes.  Therefore,  only  the  Lk  y-poles  which  have  the  largest  energy 
are  retained  (as  discussed  in  Step  4  below). 


Step  4:  Estimation  of  the  Amplitude  Coefficients.  Now  that  all  of  the 
required  y-poles  have  been  estimated,  the  amplitude  coefficients  will  be  estimated 
next.  Using  Equation  5.14, 


or 


-H  *  •*  . 

A 

1 

i 

PVk.2  ■ 

Plk.2  ■ 

1  ' 

PVk,Rk 
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Cfc,  0 

Cfc.l 

Ck,  2 

p*-1 

L  FVk,\ 

PV„~2  ' 

..  pN- 1 
yV*.Rt  J 

ak,Rt 

.  Cfc.JV- 1 

PykAk  =  ck. 


(5.28) 


(5.29) 


The  initial  set  of  amplitude  coefficients  are  found  from  a  least  squares  solution  to 
Equation  5.29  using  the  y-pole  estimates  along  the  x-amplitude  coefficients;  this  can 
be  written  as 

#  =  (fj',P*)"'f*V,  (5.30) 

although  numerically  more  robust  solutions  (using,  e.y.,  the  QR  decomposition  [56]) 
are  preferred  to  direct  computation  of  Equation  5.30.  The  procedure  from  Equa- 


106 


Table  5:  Summary  of  steps  performed  in  Algorithm  One. 


Step 

Estimated  Parameters 

Method  of  Solution 

1 

{Pxk}  f=1  (x-poles) 

TLS  of  Eq.  5.6  w/  SVD  truncation 

2 

{c«.»}^=T,o  (z-amP  coefs) 

LS  of  Eq.  5.16  via  QR  decomposition 

3 

(!,-poles> 

TLS  of  Eq.  5.24  w/  SVD  truncation 

4 

(amP  coefs) 

LS  of  Eq.  5.28  via  QR  decomposition 

tion  5.28  to  Equation  5.30  is  carried  out  K  times  to  determine  the  entire  initial  set 
of  amplitude  coefficients  (there  are  Rk  amplitude  coefficients  in  the  initial  set). 

As  stated  before,  because  only  Lk  singular  values  of  Fk  are  nonzero,  there  are  at 
most  Lk  y-pole  estimates  which  can  correspond  to  data  modes.  Therefore,  only  the 
Lk  y- poles  which  have  the  largest  energy  are  retained.  This  is  done  by  computing 
the  Rk  y-mode  energies  for  each  of  the  fcth  x-poles  as 


JV- 1 


Erk  ~  lafc,r*|  Pvk, , 


n=0 


2n 


rk  =  l,2,...,Rk 


(5.31) 


and  retaining  those  Lk  poles  whose  corresponding  energies  are  highest. 

The  final  set  of  amplitude  coefficients  (the  final  set  consists  of  ^2k=1  Lk  amplitude 
coefficients)  are  then  estimated  utilizing  a  procedure  identical  to  the  one  used  to 
estimate  the  initial  set  of  amplitude  coefficients  outlined  above.  The  only  difference 
is  that  there  are  only  Lk  y-poles  which  are  used  in  Equation  5.28.  Also,  there  are 
only  Lk  amplitude  coefficients  to  be  estimated  for  each  of  the  K  x-poles. 
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Algorithm  Two 

Algorithm  Two  uses  the  first  three  steps  of  Algorithm  One  twice,  and  then  re¬ 
quires  a  matching  step  and  a  final  amplitude  coefficient  calculation  step.  The  steps 
involved  in  Algorithm  Two  are  summarized  in  Table  6.  The  first  three  steps  of  Al¬ 
gorithm  One  are  carried  out  using  the  data  d'(m,  n)  yielding  x  and  y-pole  estimates, 
{pXk}k=zi  and  {pyk •  Next,  the  data  is  transposed  (i.e.  d'^n^m)  =  d'(m ,  n)),  and 
Algorithm  One  is  applied  to  ^(n^m)  to  arrive  at  a  second  set  of  poles, 

and  <pi  1  .  Note  that  the  model  orders  K  and  Lu  are  related  to  K 1  and  Li,, 

t‘,l‘  J  /<=i  K 

depending  on  the  structure  of  a  particular  model,  and  are  in  general  different.  Also 
note  that  included  with  steps  3  and  6  (which  involve  the  estimation  of  the  y  and 
y1- poles)  of  Algorithm  Two  is  an  amplitude  coefficient  estimation  procedure  in  or¬ 
der  to  determine  the  highest  energy  modes.  This  is  required  to  insure  that  only  the 
correct  number  of  true  modes  are  retained  in  each  step. 

The  two  sets  of  estimates  are  combined,  and  the  more  accurate  part  of  the 
estimates  from  each  set  is  retained.  The  more  accurate  part  of  each  estim  tte  is  the 
set  of  poles  which  were  estimated  first,  (i.e.  the  x-poles  from  each  set).  The  y-poles 
are  less  accurate  than  the  x-poles  because  they  are  estimates  based  on  the  x-pole 
estimates.  A  matching  algorithm  is  used  to  combine  both  sets  of  pole  estimates 
yielding  a  single  set  of  pole  estimates. 

The  matching  is  performed  using  the  following  metric 

a  >  (<,’<,.«))  =  \/h*  -pk.,<T+K-.  ~pkS  (5-32) 

for  the  distance  between  2-D  exponential  modes  and  (p^( esti- 
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mated  in  the  first  six  steps  of  Algorithm  Two.  These  distances  are  calculated  for 
all  of  the  possible  pairs.  Then  the  closest  match  is  made  and  the  respective  pole 
pairs  and  distances  are  eliminated  from  consideration.  The  next-to-closest  match  is 
then  made  in  the  same  fashion  and  so  on,  until  there  are  no  modes  remaining  from 
one  of  the  two  sets  of  pole  pairs  parts  (any  leftover  pole  pairs  are  discarded).  Note 
that  the  x-poles,  pXk  and  p^( ,  from  each  of  the  two  estimations  are  retained  and 
the  y-poles  are  discarded  as  discussed  above.  Thus,  the  y- poles  are  only  necessary 
for  the  pairing  performed  in  the  matching  step.  Note  that  p*  takes  on  the  role  of 
y-pole  in  the  original  model.  The  final  set  of  matched  pole  pairs  for  Algorithm  Two 
are  thus  designated  jpXl ,  pVy  j  ^  where  the  p’s  are  given  by  the  paired  px's  and 

PV s  and  r  =  min  {£*=1  Lk ,  E»= l  Lk<  }• 

Using  this  definition,  the  model  in  Equation  5.2  can  be  expressed  as 

r 

d(m,n)  =  <*7  p™^py^.  (5.33) 

7—1 

Equation  5.33  now  is  used  to  solve  for  amplitude  coefficients,  {c^}  v  as  follows 
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Table  6:  Summary  of  steps  performed  in  Algorithm  Two. 


Step 

Estimated  Parameters 

Method  of  Solution 

1 

(x-poles) 

TLS  of  Eq.  5.6  w/  SVD  truncation 

2 

Kn}JSo  (X'amP  COefs) 

LS  of  Eq.  5.16  via  QR  decomposition 

3 

K.'luli.i  (!,-poles) 

TLS  of  Eq.  5.24  w/  SVD  truncation 

4 

{p**Jw=i  (X‘-P°les) 

TLS  similar  to  Step  1 

5 

c°rfs) 

LS  similar  to  Step  2 

6 

fe'-p°les) 

TLS  similar  to  Step  3 

D 

{px^Py^}^  (x  and  y-poles) 

Matching  using  Eq.  5.32 

8 

{aT}^=i  (amp  coefs) 

LS  of  Eq.  5.34  via  QR  decomposition 

Equation  5.34  can  be  expressed  as 


VA  =  V.  (5.37) 

The  amplitude  coefficients  are  found  using  the  pole  estimates  from  a  least  squares 
solution  to  Equation  5.34  which  can  be  written  as 

A  =  (VHVylVHV,  (5.38) 

although  numerically  more  robust  solutions  (using,  e.g .,  the  QR  decomposition  [56]) 
are  preferred  to  direct  computation  of  Equation  5.38. 
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Implementation  Issues 

In  this  section  operation  counts  for  the  four  steps  of  Algorithm  One  and  for  the 
eight  steps  of  Algorithm  Two  are  presented.  These  operation  counts  are  given  for 
the  case  when  the  data  is  real.  For  complex  data  considered  in  the  examples  which 
follow  the  counts  were  observed  to  be  about  a  factor  of  2  to  3  larger  for  the  SVDs 
and  about  4  times  larger  for  the  QR  decompositions.  An  alternative  to  the  larger 
SVD  steps  is  presented  which  provides  a  reduction  in  computation. 

Operation  Count  for  Algorithm  One.  To  obtain  the  operation  counts  for  the 
four  steps  of  Algorithm  One,  the  counts  for  the  SVD  computations  and  the  compu¬ 
tation  of  the  QR  decompositions  used  for  the  least  squares  solutions  are  needed. 

The  approximate  floating  point  operation  (flop)  count,  fcgyp,  associated  with 
the  computation  of  the  singular  values  and  left  singular  vectors  of  a  real  r  x  c  matrix 
is  given  by  fcgyj)  ~  4rc2  +  8c3  [56].  Thus  the  flop  count  for  the  SVD  of  Step  1, 

fcOne>  is  §iven  hy 

fcone  «  4 N(M  -  Q)(Q  +  l)2  +  8  (Q  +  l)3  .  (5.39) 

The  approximate  flop  count,  fcqj^,  associated  with  the  QR  decomposition  of  a  real 
r  x  c  matrix  is  given  by  fcQj^  ~  2rc2  —  |c3  [56].  Thus,  the  flop  count  for  the  QR 
decomposition  required  for  the  LS  solution  of  Step  2  is  given  by 

fcQne  *  2M«2  -  I®3' 


(5.40) 


Ill 


For  the  K  SVDs  in  Step  3  the  approximate  flop  count  is  given  by 

fcOne  ~  £  (4  (N  ~  Rk)  (Rk  +  l)2  +  8  (Rk  +  l)3)  .  (5.41) 

fc=i 

For  the  K  QR  decompositions  in  Step  4  the  approximate  flop  count  is  given  by 

fclOne  *  £  (2NRl  ~  lRl)  ■  (5-42) 

The  flop  count  for  the  SVDs  and  QR  decompositions  of  Algorithm  One  is  given 
by  the  sum  of  the  individual  flop  counts  above. 

To  achieve  near  optimal  performance  (with  respect  to  the  Cramer-Rao  Bound 
(CRB)),  the  model  order  used  for  Steps  1  and  3  of  Algorithm  One  should  be  integers 
near  Q  =  —■  and  Rk  =  y  [59].  Using  these  substitutions  and  further  approximations 
the  estimate  for  the  total  flop  count  is 

fcOne  *  \m3N  +  \k N*.  (5.43) 

Note  that  the  K  estimations  of  Steps  3  and  4  are  independent  of  each  other  and  can 
thus  be  done  in  parallel. 

Operation  Count  for  Algorithm  Two.  Since  Algorithm  Two  first  uses  the  first 
three  steps  Algorithm  One  fc^G  =  fcj,ne)  fc|^G  =  k20ne,  and  fc^0  =  fc^ne  for  the 
flop  counts  of  those  steps.  For  Steps  4-6,  the  roles  of  M  and  N  are  reversed,  and 
Ql  and  R^  are  used  instead  of  Q  and  Rk .  Their  flop  counts  are  thus 

f4wo  «  4M(N  -  Q‘)(Q' +  l)2  +  8  (Q1  +  l)3 
f4wo  «  2NQ‘2-?Q'3 

K1 

fcTwo  ®  E(*(M-  K)  (Rl,  +  l)2  +  8  (R'„,  +  l)3)  . 

fc*=l  '  J 


(5.44) 
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Each  distance  (A(-,  •))  calculation  requires  16  flops.  Thus,  the  flop  count  for  Step  7 
is  given  by 

K  K* 

fcTwo  =  16  £  it  £  Li  (5.45) 

k=l  k*  = 1 

For  the  QR  decomposition  in  Step  8  the  approximate  flop  count  is  given  by 

f4wo  «  2MNT 2  -  ?r3.  (5.46) 

The  flop  count  for  the  SVDs,  QR  decompositions,  and  matching  of  Algorithm  Two 
is  given  by  the  sum  of  the  individual  flop  counts  above. 

Again,  to  achieve  near  optimal  performance  (with  respect  to  the  CRB),  the 
model  order  used  for  Steps  1,  3,  4,  and  6  of  Algorithm  Two  should  be  integers 
near  Q  =  R^,  =  Rk  =  Ql  =  y  [59],  Using  these  substitutions  and  further 
approximations  the  total  flop  count  is  estimated  as 

fcTwo  ~  +  ^KN3  +  l-N*M  +  \k'M3  +  2MNY2  -  ^r3.  (5.47) 

Note  that  the  number  of  flops  required  for  Step  7  is  negligible  when  compared  to 
the  other  steps.  Also  note  that  the  K  estimations  of  Step  3  are  independent  and 
the  Kl  estimations  of  Step  6  are  independent  and  can  thus  be  done  in  parallel. 

Alternative  Method  for  x-pole  Estimation.  The  solution  for  b  using  Equa¬ 
tion  5.5  can  become  computationally  intensive  for  large  data  sets.  For  example,  if 
M  =  N  =  64  and  Q  =  20,  then  S  is  of  dimension  (2816  x  21).  Since  only  the  right 
singular  vectors  and  the  singular  values  are  needed,  one  can  instead  obtain  b  from 
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a  related  eigen-decomposition  problem.  Consider  SH S, 


SHS  = 


sfs!  sfS2 
S?s  i  SfS2 


(5.48) 


where  Si  is  the  first  column  of  S  and  S2  are  the  remaining  Q  columns  (i.e.  S  = 
[  si  S2  ]).  Note  that  for  typical  problems  S  contains  many  more  rows  than 
columns,  so  SH S  is  smaller  than  S.  An  eigen-decomposition  of  SH S  is  performed, 
and  all  but  the  K  largest  eigenvalues  are  truncated  to  give  SH S.  Finally  the  mini¬ 
mum  norm  estimate  of  6  is  given  by, 


Z=-(S?S2)+  S?Sl  (5.49) 

where  Sf  S2  and  S^si  are  the  lower  right  and  lower  left  submatrices  of  SHS,  re¬ 
spectively  ( cf .  see  Equation  5.48). 

Note  that  this  procedure  is  less  numerically  accurate  than  the  previous  procedure 
because  of  the  squaring  of  the  data  (which  occurs  in  SH S ),  so  extended  precision 
should  be  used  in  the  computations. 


5.2.4  Examples 


Below  numerical  examples  are  presented  to  assess  model  validity  and  noise  effects. 
Two  examples  are  presented.  The  first  example  considers  the  estimation  of  three 
2-D  undamped  exponentials;  this  example  was  also  considered  in  [28].  The  second 
example  considers  the  estimation  of  three  2-D  damped  exponentials. 
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Example  1 

In  this  example  the  variances  of  frequency  and  magnitude  estimates  are  compared 
to  their  Cramer-Rao  Bounds  (CRBs)  at  various  signal  to  noise  ratios  (SNRs)  for 
the  three  2-D  frequency  scenario  presented  in  [28]  using  Algorithm  One  and  Algo¬ 
rithm  Two.  Data  was  generated  using  the  model  in  Equation  5.2  for  M  —  N  =  20 
and 


[  Px, 

Py  i.i 

°l,l  ] 

= 

gji2ir0.24 

ej2x0.24 

>] 

[  ?X! 

Py  i.a 

al,2  ] 

= 

ej2*0.24 

gj27r0.26 

i] 

[  Px2 

P».  i 

a2,l  ] 

= 

[  ej2ir0.26 

gj2ir0.24 

!]• 

(5.50) 

It  can  see  that  from  the  angles  of  the  above  poles  the  corresponding  frequencies  are 
0.24  and  0.26.  For  the  purposes  of  identification  the  (x-pole,j/-pole)  pairs  above  are 
labeled  with  frequencies  (0.24,0.24),  (0.24,0.26),  and  (0.26,0.24)  as  2-D  frequencies 
fl,  f2,  and  f3,  respectively.  Note  that  these  frequencies  are  spaced  at  four-tenths 
of  a  Fourier  bin  in  both  directions  (1  Fourier  bin=  ^  =  0.05).  Also  note  that  this 
data  consists  of  undamped  exponentials.  These  2-D  frequencies  are  shown  on  the 
2-D  frequency  plane  in  Figure  45. 

Figures  46(a)  and  46(b)  show  the  simulation  results  for  the  x-pole  frequencies 
and  y-pole  frequencies,  respectively  where  Algorithm  One  was  used.  One  hundred 
different  noise  realizations  were  run  for  each  integer  SNR  between  0  and  50dB.  The 
SNR  is  defined  as  the  total  signal  power  divided  by  the  total  noise  power.  Specifically 
these  figures  show  the  estimated  frequency  variances  for  the  various  SNRs  (they  are 
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2-D  freqeuncies 


Figure  45:  2-D  frequency  locations  for  Example  1. 


given  by  the  dashed  lines  as  indicated).  The  corresponding  CRBs  are  given  by  the 
solid  lines;  the  CRBs  of  the  model  were  found  using  the  expressions  in  [37].  The 
algorithm  parameters  were  set  at  Q  =  8 ,K  =  2,  R\  =  R2  =  8,  L\  =  L2  =  2  for 
this  example.  Note  that  Q  «  y  and  ~  y  are  used  because  these  values  give 
maximum  parameter  accuracy  in  the  SVD  estimation  step  [59]. 

From  Figure  46(a)  it  can  be  see  that  the  threshold  SNR  is  15dB  in  this  case.  For 
SNRs  above  15dB,  the  variances  are  within  about  4dB  of  the  CRB;  below  15dB  the 
algorithm  fails  to  reliably  resolve  the  frequencies.  The  simulation  variance  lines  even 
cross  the  CRB  due  to  the  fact  that  the  pole  estimates  become  so  erratic  and  most 
cannot  be  used  in  the  variance  calculations.  Theoretically,  the  variance  curves  for  fl 
and  f2  are  identical,  however  the  variance  curves  from  the  Monte-Carlo  simulations 


x-pole  frequency  variances  and  CRBs  versus  total  SNR  for  Example  1  using  Algorithm  One 


Total  SNR  in  dB 


(a) 


y-pole  frequency  variances  and  CRBs  versus  total  SNR  for  Example  1  using  Algorithm  One 


Total  SNR  in  dB 


(b) 

Figure  46:  Example  1.  101og10  (1/Variance)  versus  total  SNR  in  dB  for  (a)  x-pole 
and  (b)  y-pole  frequencies  using  Algorithm  One. 
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separate  at  the  lower  SNRs  due  to  differences  in  the  y-pole  estimates  which  cause 
some  outliers  to  not  be  included  in  the  variance  calculations.  The  results  in  [28] 
are  for  an  SNR  per  pole  of  lOdB,  which  corresponds  to  a  total  SNR  of  17.7dB  used 
here.  In  comparison,  the  estimation  scheme  in  [28]  gives  x-pole  frequency  variances 
which  are  about  3  or  4dB  better  for  fl  and  f3  and  about  8dB  better  for  f2. 

Figure  46(b)  is  a  plot  of  the  inverses  of  the  y-pole  frequency  variances  for  the 
various  SNRs  along  with  the  corresponding  CRBs  as  before.  From  this  figure  it 
can  be  see  that  the  curve  for  the  y-pole  variance  for  f3  exhibits  the  same  properties 
as  those  discussed  for  the  x-pole  frequency  variances  above.  The  y-pole  frequency 
variances  for  fl  and  f2  are  about  13  and  10  dB  away  from  their  respective  CRB 
lines,  respectively.  Also,  the  y-pole  estimation  for  fl  and  f2  breaks  down  at  SNRs 
below  25dB.  The  fact  that  these  variances  are  farther  away  from  their  CRBs  and 
that  the  resolution  threshold  is  higher  is  expected  because  of  the  accumulation  of 
error  which  occurs  in  the  y-pole  estimates  in  Algorithm  One.  This  accumulation  of 
error  does  not  occur  in  Algorithm  Two,  as  shown  below. 

Figure  47  shows  the  estimated  x-pole  and  y-pole  magnitude  variances  for  this 
example  when  Algorithm  One  is  used.  The  characteristics  are  the  same  as  those  for 
the  frequency  variances,  with  respect  to  the  CRBs. 

Figure  48  shows  the  estimated  x-pole  and  y-pole  frequency  variances  for  this 
example  when  Algorithm  Two  is  used.  As  expected,  the  x-pole  frequency  variances 
are  much  the  same  as  those  for  Figure  46(a),  but  the  y-pole  frequency  variances 
have  been  improved  to  match  the  x-pole  frequency  variance  performance.  The  esti- 


lOlog  10(  1 /Van  ante) 


Figure  47:  Example  1.  101og10  {1/Variance)  versus  total  SNR  in  dB 
and  (b)  y- pole  magnitudes  using  Algorithm  One. 
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mation  scheme  in  [28]  gives  variances  which  are  about  3  or  4dB  better  for  the  y-pole 
frequencies  of  fl  and  f2  and  variances  which  are  about  8dB  better  for  the  y-pole 
frequency  of  f3. 

Figure  49  shows  the  estimated  x-pole  and  y-pole  magnitude  variances  for  this  ex¬ 
ample  when  Algorithm  Two  is  used.  The  improvements  in  the  magnitude  estimates 
are  comparable  to  the  improvements  in  the  frequency  estimates. 

Next  consider  the  SVD  operation  counts  for  this  example  for  Algorithm  Two. 
The  SVD  steps  are  major  computational  parts.  Each  noise  realization  required  SVDs 
of  two  240  x  9  matrices  and  four  9x11  matrices  where  only  the  singular  values  and 
right  singular  vectors  were  computed.  For  the  same  example,  the  algorithm  in  [28] 
required  SVDs  of  two  49x169  matrices  for  each  noise  realization  where  the  singular 
values  and  left  singular  vectors  are  computed.  Looking  at  expressions  in  [56]  for 
SVD  computations,  Algorithm  Two  requires  fewer  flops  than  the  algorithm  in  [28] 
for  the  SVDs.  Note  that  the  SVDs  for  both  algorithms  can  be  performed  with  fewer 
computations  by  computing  the  eigen-decomposition  of  smaller  square  matrices  as 
discussed  in  Section  5.2.3.  Using  this  idea  the  total  number  of  computations  are 
reduced  for  both  methods,  however  there  is  still  savings  with  Algorithm  Two  over 
the  algorithm  in  [28]. 

Example  2 

In  this  example  the  estimation  of  damped  exponentials  in  noise  is  examined  us¬ 
ing  Algorithm  Two.  Data  was  generated  using  the  model  in  Equation  5.2  for 
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T 
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Figure  48:  Example  1.  101og10  (1 /Variance)  versus  total  SNR  in  dB  for  (a)  x-pole 
and  (b)  y-pole  frequencies  using  Algorithm  Two. 


x-pole  magnitude  variances  and  CRBs  versus  total  SNR  for  Example  1  using  Algorithm  Two 
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y-pole  magnitude  variances  and  CRBs  versus  total  SNR  for  Example  1  using  Algorithm  Two 
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Figure  49:  Example  1.  101og10  (1/Variance)  versus  total  SNR  in  dB  for  (a)  x-pole 
and  (b)  y-pole  magnitudes  using  Algorithm  Two. 
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M  =  N  =  20  and 


pxl 

Py  i,i 

°i.l  ] 

=  [  0.92e*2,rO-24 

0.92ej2ir0-24 

3.185  ] 

pxl 

P3/1.2 

°1,2  ] 

=  [  O.92ej2ir0‘24 

0.94e-*2ir0'26 

2.846  ] 

PX  2 

PV2.1 

a2,l  ] 

=  [  0.94ejf2,rO-26 

0.92ej2ir0-24 

2.846  ] 

(5.51) 


For  the  purposes  of  identification  the  (x-pole,y-pole)  pairs  above  with  frequencies 
(0.24,0.24),  (0.24,0.26),  and  (0.26,0.24)  are  labeled  as  2-D  poles  pi,  p2,  and  p3, 
respectively.  The  amplitude  coefficients  are  chosen  so  that  the  energy  of  each  mode 
is  identical  to  the  corresponding  mode’s  energy  in  Example  1. 

Figures  50  and  51  show  the  simulation  results  for  the  x-pole  and  y-pole  frequency 
and  magnitude  variances,  respectively.  The  results  are  similar  to  the  undamped 
results  in  Example  1  using  Algorithm  Two.  The  variances  track  the  CRBs  as  before, 
with  the  exception  being  that  the  resolution  threshold  is  at  an  SNR  of  about  20dB 
rather  than  15dB. 

These  results  show  that  the  algorithm  is  capable  of  estimating  damped  as  well  as 
undamped  exponentials  in  noise.  The  modeling  of  many  canonical  shapes  requires 
damped  exponential  models. 


5.3  Full-Polarization  Extension  of  TLS-Prony  Technique 
5.3.1  Background  and  Introduction 

The  preceding  algorithms  determined  the  scattering  center  locations  based  upon  a 
single  polarization  2-D  data  set.  These  algorithms  can  easily  be  extended  to  the 
full-polarization  case  to  examine  the  polarimetric  properties  of  scattering  centers 


Figure  51:  Example  2.  101og10  (1/Variance)  versus  total  SNR  in  dB  for  (a)  x-pole 
and  (b)  y-pole  magnitudes  using  Algorithm  Two. 
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on  a  2-D  image.  A  method  to  examine  full-polarization  data  is  presented  which  is 
based  on  the  concept  of  a  transient  polarization  response  (TPR)  [4,  35,  36].  Ac¬ 
cording  to  the  TPR  concept,  the  target  is  illuminated  with  an  impulsive  circularly 
polarized  electromagnetic  wave,  and  as  the  wave  interacts  with  each  scattering  cen¬ 
ter  on  the  target,  each  scattering  center  will  reflect  back  a  wave  with  a  polarization 
which  is  determined  by  the  polarimetric  characteristics  of  that  scattering  center. 
This  concept  has  been  investigated  in  1-D  for  both  nonparametric  [4,  35,  36]  and 
parametric  [37,  38]  techniques.  The  nonparametric  techniques  use  the  IFFT  of  the 
full-polarization  stepped  frequency  data  to  form  the  TPR  of  a  target.  The  peaks  in 
the  TPR  profile  give  the  scattering  center  locations.  Polarization  ellipses  are  then 
given  by  the  polarization  properties  of  the  TPR  at  the  scattering  center  locations. 
Thus,  the  amplitude  and  orientation  of  each  ellipse  characterize  the  polarimetric 
properties  of  each  scattering  center.  Parametric  techniques  employing  the  1-D  TLS- 
Prony  technique  described  in  Chapter  IV  have  been  developed  for  the  TPR  [37,  38]. 
This  technique  has  the  advantage  of  higher  resolution  than  the  IFFT  method  and 
of  direct  estimation  of  the  scattering  center  locations. 

The  technique  presented  here  is  a  2-D  extension  of  the  1-D  TLS-Prony  based 
parametric  TPR  technique  developed  in  [37,  38].  The  2-D  TLS-Prony  Technique 
algorithms  previously  presented,  with  slight  modifications,  are  used  to  determine 
the  scattering  center  locations  and  amplitude  coefficients.  The  ellipse  parameters 
are  then  calculated  from  the  amplitude  coefficients. 
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5.3.2  Data  Model 

Assume  that  we  are  given  full- polarization,  2-D  scattering  coefficient  data.  These 
coefficients  are  denoted  shh(f,ip),  shv(f,ip)  =  svh(f,ip)  and  svv(f,ip),  where  ip  is 
the  angular  variable  along  the  angular  path  on  which  the  data  was  taken.  Depend¬ 
ing  upon  the  locations  of  the  samples  in  the  2-D  frequency  plane,  the  scattering 
coefficients  can  serve  as  the  input  data  to  the  2-D  TLS-Prony  algorithm.  However, 
it  may  be  desirable  to  interpolate  the  data  onto  a  rectangular  or  square  grid  in  the 
2-D  frequency  plane.  These  issues  were  discussed  in  Chapter  IV.  Thus  the  data 
which  is  input  to  this  algorithm  is  denoted  as  n),  d'hv(m,n )  =  d'vh{m,n) 

and  d'vv(m,  n)  where  m  =  0, 1, . . .  M  —  1  and  n  =  0, 1, ...  N  —  1  and  the  '  denotes 
that  the  data  has  been  noise  corrupted. 

The  2-D  TPR  can  be  modeled  in  the  2-D  frequency  domain  as 

dhh{m,  n)  dhv{Tn,  n)  _  ^  ahhki,  ahvk  ,t  1  771  n  /  r  CO\ 

dvh(m,  n)  dvv(m ,  n)  \  ~  ^  ^  avhk  l  aVVk  l  x *  »*■'  ^  ' 

where 

Pxk  =  &th  x-pole,  x-component  of  the  2-D  exponential 
Pyk  i  =  k,  1th  y-pole,  y-component  of  the  2-D  exponential 
Gfe/i,. ,  =  k,  1th  linear  basis  amplitude  coefficient  for  /ih-polarization 

avhk ,  =  k,  1th  linear  basis  amplitude  coefficient  for  uh-polarization 

&hvk ,  =  k,  1th  linear  basis  amplitude  coefficient  for  lir-polarization 

awk  i  =  k,  1th  linear  basis  amplitude  coefficient  for  uv-polarization. 

This  is  designated  the  linear-basis  model.  Note  that  due  to  reciprocity,  a/,1l|c  ,=a„/,fc ,. 
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The  polarization  properties  of  each  scattering  center  are  more  clearly  seen  by 
considering  the  horizontal  and  vertical  responses  to  a  circularly  polarized  incident 
wave.  Left  circular  is  arbitrarily  chosen.  It  is  assumed  that  there  are  no  scattering 
centers  on  the  target  which  will  exhibit  large  scattering  behavior  to  left  circular 
transmit  and  no  scattering  behavior  to  right  circular  transmit,  and  vise  versa.  Thus, 
the  data  is  reduced  from  four  sets  to  two  by  the  transformation  [4] 


dhi(m ,  n) 

dhh{m,n) 

dhv(m,n) 

'  1 

dvi(m,n) 

dyh^Tfl)  Ti) 

dvv(m,n) 

.  j 

y/2’ 


(5.53) 


The  2-D  full-polarization  model  can  also  be  written  in  terms  of  the  hi  and  vl- 


polarization  based  data  as 


dhl(m,n) 
dvi(m ,  n) 


K  Lk 

EE 

k=l 1=1 


ahk,t 


0, 


vk,l 


pm  pn 
yxhr  yk,i 


(5.54) 


where 


ahk  i  =  k,  1th  horizontal  amplitude  coefficient  for  ^./-polarization 
aVk  (  =  k,  Zth  vertical  amplitude  coefficient  for  ^/-polarization. 


This  is  designated  the  linear-circular  basis  model.  Note  that  pXk  and  pyk ,  are  identi¬ 
cal  to  the  poles  for  the  linear-basis  model.  The  conversion  between  the  linear-basis 
amplitude  coefficients  and  the  linear-circular  basis  amplitude  coefficients  is  given  by 

ahhk.i  ahvkJ 


ahk,i 

avk,i 

72 


(5.55) 


where  the  linear-circular  basis  amplitude  coefficients  are  a.hk ,  and  aVk ,. 


The  problem  now  becomes  one  of  parameter  estimation,  where  the  parameters  in 
Equation  5.2,  namely  pXk ,  pyk  n  ,  and  aVk  l  for  k  =  1,2, ...  ,K  and  /  =  1,  2, . . . ,  Lk 
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must  be  estimated  from  the  data.  The  model  orders,  K  and  L*  also  need  to  be 
chosen. 

The  horizontal  and  vertical  amplitude  coefficients  associated  with  each  pole  con¬ 
tain  the  information  which  yields  the  polarimetric  characteristics  of  each  scattering 
center.  These  polarimetric  characteristics  are  in  the  form  of  an  ellipse.  This  ellipse, 
corresponding  to  a  given  scattering  center,  is  characteristic  of  the  polarization  of  the 
electric  field  scattered  from  that  scattering  center.  For  each  scattering  center,  the  tilt 
Tfc  i  and  ellipticity  e^i  of  this  ellipse  can  be  found,  using  the  amplitude  coefficients, 
from  the  following  equations  [43,  60]: 


Tfc,/  =  ^  tan  1[tan(27fc,/)cos(4>/)] 

(5.56) 

efc,/  =  ^  sin-1  (sin(2Tfc,z)  sin(6*,/)) 

(5.57) 

7w  =  tan  UJ 

(5.58) 

<^fc,/  — 

(5.59) 

The  above  calculations  lead  to  use  of  only  one  quarter  of  the  Poincare  polarization 
sphere.  To  avoid  this  ambiguity,  the  following  alterations  to  the  tilt  need  to  be 
made  [43]: 

Tk,i  +  \  if  Tfc,/  >  | 

Tfc,/  +  tt  if  Tfc,/  <  f  and  r*,/  <  0 

The  major  axis  Akj  of  each  ellipse  can  be  determined  as  [43,  60] 


Akj 


KJcosfo)  +  |o„,  ,|e'4lJ  sin(ru) 


(5,61) 


This  set  of  parameters  {Akj,  e*,/,  Tfci}  along  with  the  locations  of  the  scattering 
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Figure  52:  Polarization  ellipse  of  scattering  center  consistent  with  IEEE  standard. 

centers  provides  a  concise  description  of  a  target.  This  parameter  set  characterizes  a 
target  as  a  set  of  T  scattering  centers,  each  described  by  location,  amplitude,  elliptic- 
ity  and  tilt  of  a  scattering  polarization  ellipse.  These  parameters  are  demonstrated 
on  the  ellipse  sketched  in  Figure  52.  The  location  of  the  scattering  center  determines 
where  on  the  image  the  ellipse  is  placed.  The  origin  in  Figure  52  is  considered  the 
location  of  the  scattering  center. 

The  definitions  of  the  ellipse  parameters  given  above  are  consistent  with  the 
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Figure  53:  Polarization  ellipse  of  scattering  center  as  viewed  traveling  toward  the 
radar  (observer).  All  of  the  ellipses  plotted  in  this  dissertation  follow  this  convention. 

IEEE  standard  for  the  polarization  of  an  electromagnetic  wave  which  is  viewing  the 
tip  of  the  electric  field  vector  as  the  electric  field  propagates  away  from  the  viewer. 
However,  in  the  simulations  which  are  shown  in  Chapter  VI,  it  is  desired  to  view 
the  scattered  field  as  it  propagates  toward  the  viewer,  which  corresponds  to  how  the 
radar  would  view  the  scattered  field.  Thus,  the  ellipse  must  be  rotated  180°  around 
the  v-axis  in  Figure  52  to  achieve  this  situation.  The  ellipse  in  Figure  52  would 
now  be  viewed  as  shown  in  Figure  53.  All  of  the  ellipses  plotted  in  this  dissertation 
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follow  the  convention  of  Figure  53,  assuming  that  the  viewer  is  at  the  radar  and  the 
scattered  field  is  propagating  toward  the  radar. 

5.3.3  Estimation  Algorithms 


This  section  describes  two  algorithms  for  estimation  of  the  x  and  y-poles  along 
with  both  sets  of  amplitude  coefficients.  The  two  full-polarization  algorithms  are 
called  Full-Polarization  Algorithm  One  (FPA1)  and  Full-Polarization  Algorithm 
Two  (FPA2).  These  algorithms  are  very  similar  to  the  single-polarization  versions, 
Algorithm  One  and  Algorithm  Two,  which  were  presented  earlier  in  this  chapter. 
The  main  differences  are  that  there  are  two  input  data  sets  and  that  there  axe 
two  sets  of  amplitude  coefficients  to  estimate  in  the  full-polarization  case.  Also,  an 
additional  step  unique  to  the  full-polarization  case  is  the  calculation  of  the  ellipse 
parameters  from  the  parameter  estimates.  The  two  input  data  matrices  are  defined 
as  follows 


<,(0,0)  4(1,0)  4(M- 1,0)  l 

4(o,i)  4(1,1)  ••  4(M-i,i) 

.  4(0,  W  -  1)  4(1, IV-  1)  <tu(M-l,N-l) . 


and 


■  <,(0,0)  <,(1,0)  •••  <,(Af  — 1,0)  1 

<,(0,1)  <,(1,1)  •••  <,(M-  1,1) 

.  <,(0» N  —  l)  <,(  1, N  —  l)  ■■■  <,(M  — 1,A  — 1). 


(5.63) 


Moving  across  a  row  in  D'h  or  D'v  is  considered  moving  in  frequency  while  moving 
down  a  column  of  either  matrix  is  considered  moving  in  angle  in  the  2-D  frequency 
plane. 
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Full- Polarization  Algorithm  One  (FPA1) 

The  five  steps  of  FPA1  are  described  below  and  summarized  in  Table  7.  The  first 
four  steps  of  FPA1  are  nearly  identical  to  the  four  steps  of  Algorithm  One  in  the 
single-polarization  case.  The  fifth  step  of  FPA1  involves  the  calculation  of  the  ellipse 
parameters. 

FPAl  Step  1  :  x-pole  estimation.  Step  1  is  once  again  to  estimate  the  x-poles, 
pXk .  All  of  the  rows  of  D'h  and  D'h  are  used  simultaneously  in  the  estimation  of  the 
x-poles.  The  backward  linear  prediction  equations  are 


r  <,(0,°) 

d'hld,0) 

<,(2,0) 

<,(2,0) 

<,(3,0) 

<,(<3-0) 

<,(<3  +  i,0) 

d'k,(M-Q-\,  0) 

d'hl(M-Q,  0) 

dU*f-Q  + 1,0)  •• 

d[i(M  -  1,0) 

<,(0,1) 

<,(M) 

<,<1,U 

<,(2-D 

<,(2,D 

<,(3,1) 

<,(0,1) 

<,(0  +  1.1) 

<,(M-Q-  1,1) 

<,(M-Q,1) 

<,(M-Q  + 1,1) 

<,(M-1,1) 

ft.  ft- 

'  V*: 

i  i 

<,(l,Af-l) 

<,(2,7V-1) 

<,(2>  AT  —  1) 
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d'k,(M  -Q-1,N  - 

1)  d!k,(M  -Q,N- 
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■  <,(M  -  1.7V  -  1) 
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<,U.0> 
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<,(<?,  0) 
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<,(3.D 
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<,(  UN-1) 
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(5.64) 
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or 


(5.65) 


or 


(5.66) 


The  solution  of  the  backward  linear  prediction  equations  and  the  x-pole  estimates 
are  determined  in  a  manner  analogous  to  the  manner  outlined  in  Algorithm  One, 
Step  1  in  Equations  5.6  to  5.13.  The  result  is  Q  x-poles  estimates. 

As  in  Algorithm  One,  because  only  K  singular  values  of  S  (the  SVD  truncated 
version  of  S)  are  nonzero,  there  are  at  most  K  x-pole  estimates  which  can  correspond 
to  data  modes.  Therefore,  only  the  K  x-poles  which  have  the  largest  energy  will  be 
retained  (as  discussed  in  Step  2  below). 


FPA1  Step  2  :  x-amplitude  estimation.  The  x-amplitude  coefficients  for  the 
full- polarization  case  are  defined  as 


^hq.n 


ahlc,l{TniTl)  n 


g=l,2,...,Q. 


(5.67) 


With  this  definition,  the  model  associated  with  Equation  5.54  using  the  estimated 
x-poles  is  written  as 


<4,(771,  n) 
<4  i(m,  n) 


Cvq.n 


(5.68) 


where  c^  „  is  the  qth  x-amplitude  coefficient  associated  with  the  nth  row  of  Dh  and 
where  cVq  n  is  the  qth  x-amplitude  coefficient  associated  with  the  nth  row  of  Dv. 
Equation  5.68  is  used  to  solve  for  the  c/^  ns  and  cVq  ns  using 
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'  1 
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1  ' 

Px  1 

Px  3 

'•  PxQ 

cVi.o 

CVi,i 

CVl,N-l 

pI  i 

pI 3  • 

■■  pIq 

CV2.0 

^J.i 

CV2,N-1 

.  Px,~l 

Px: [_1  • 

^3 

.  CV<3,o 

CVQ.i 

CVQ,N~  1  . 

P,cv  =  o;T. 


where 


rje 


(5.69) 


(5.70) 


(5.71) 


Both  sets  of  ^-amplitude  coefficients  are  found  from  least  squares  solutions  to  Equa¬ 
tion  5.70  using  the  x-pole  estimates. 

As  before,  we  retain  only  the  K  x-pole  estimates  with  the  highest  energy,  where 
now  the  energy  is  defined  as 


N- 1 


E,=  E 


n= 0 


,  M—l 

'El 

m=0 


2m 


q=l,2,...,Q. 


(5.72) 


The  finaJ  ^-amplitude  coefficient  estimates  are  found  using  a  procedure  identical 
to  the  one  used  to  determine  the  initial  of  x-amplitude  coefficient  estimates  outlined 
above.  The  only  difference  is  that  there  are  only  K  x-poles  which  are  used  in 
Equation  5.69.  Also,  there  are  only  Lk  x-amplitude  coefficients  (per  polarization) 
to  be  estimated  for  each  of  the  K  x-poles. 


FPAl  Step  3:  Estimation  of  the  y-poles.  As  in  Algorithm  One,  the  x- 
amplitude  coefficient  estimates  are  now  used  to  solve  for  the  y-pole  estimates.  For 
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each  of  the  K  high  energy  z-poles,  the  backward  linear  prediction  equations  for  the 
model  given  by  Equation  5.67  become 

Chk, o  Chk, i  '  ‘  '  Cflk,Rk 

Chk,  1  Chk,2  '  '  '  Chk,Rk+i 

C^t,N-Ri.-l  Chk,N-Rt  '  ‘  '  Chk,N-l 
CVk,0  CVk,l  ’  ■  *  Cvk,Rk 

CVk,  1  C*>k,2  '  '  '  CVk,Rk+ 1 

CVk,N-Rk- 1  CVk,N-Rk  '  ‘  '  Cvk,N-l 

or 

pRk 

The  solution  of  the  backward  linear  prediction  equations  and  the  y-pole  estimates 
are  determined  in  a  manner  analogous  to  the  manner  outlined  in  Algorithm  One, 
Step  3  in  Equations  5.25  to  5.27.  The  result  is  Rk  y-poles  estimates  for  each  of  the 
K  x-pole  estimates. 

As  in  the  basic  algorithm,  because  only  L*  singular  values  of  FRk  (the  SVD 
truncated  version  of  FRk )  are  nonzero,  there  are  at  most  Lk  y-pole  estimates  which 
can  correspond  to  data  modes.  Therefore,  only  the  Lk  y- poles  which  have  the  largest 
energy  are  retained  (as  discussed  in  Step  4  below). 

FPA1  Step  4:  Estimation  of  the  Amplitude  Coefficients.  Now  that  all  of 
the  required  y-poles  have  been  estimated,  both  sets  of  amplitude  coefficients  are 
estimated  next.  Using  Equation  5.67, 
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or 
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(5.75) 

(5.76) 

(5.77) 


Both  sets  of  amplitude  coefficients  are  found  from  least  squares  solutions  to  Equa¬ 
tion  5.76  using  the  y-pole  estimates  along  with  the  x-amplitude  coefficient  estimates. 

As  before,  we  retain  only  the  L*  y-pole  estimates  with  the  highest  energy  for 
each  of  the  K  x- poles,  where  now  the  energy  is  defined  as 


-  -  |2  i  |2n 

ETk  —  ahk  Tk  avkiTk  |  2Li  l^.rul  rk  =  1>  2,  .  .  .  ,  Rk- 

n= 0 


(5.78) 


The  final  amplitude  coefficient  estimates  are  found  utilizing  a  procedure  identical 
to  the  one  used  to  determine  the  initial  of  amplitude  coefficient  estimates  outlined 
above.  The  only  difference  is  that  there  are  only  Lk  y- poles  which  are  used  in 
Equation  5.75.  Also,  there  are  only  Lk  amplitude  coefficients  (per  polarization)  to 
be  estimated  for  each  of  the  K  x-poles. 


FPA1  Step  5:  Calculation  of  the  Ellipse  Parameters.  Now  that  all  of  the 
poles  and  amplitude  coefficients  have  been  estimated,  the  ellipse  parameters  can  be 
determined  from  these  estimates  using  Equations  5.56  to  5.61. 
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Table  7:  Summary  of  steps  performed  in  FPA1. 


Step 

Estimated  Parameters 

Method  of  Solution 

1 

{Pxjf=  i  (z-poles) 

TLS  of  Eq.  5.66  w/  SVD  trunc. 

2 

(z-amp  coefs) 

LS  of  Eqs.  5.69  via  QR  decomp. 

3 

Kduii.1  (i'-P0168) 

TLS  of  Eq.  5.73  w/  SVD  trunc. 

4 

{a^a^}u=l.l  (amp  coefs) 

LS  of  Eqs.  5.75  via  QR  decomp. 

5 

{r*,i,e*,i,AM}£;^ [  x  (ellipse  params) 

Eqs.  5.56  to  5.61 

Full  Polarization  Algorithm  Two  (FPA2) 

FPA2  extends  FPA1  just  as  Algorithm  Two  extends  Algorithm  One  in  the  single- 
polarization  case.  FPA2  uses  the  first  three  steps  of  FPA1  twice,  and  then  requires 
a  matching  step  and  a  final  amplitude  coefficient  calculation  step  followed  by  the 
ellipse  parameter  calculation  step.  The  steps  involved  in  FPA2  are  summarized  in 
Table  8.  The  first  three  steps  of  FPA1  are  carried  out  using  the  data  d'hi(m,n)  and 
d'vi(m,n )  yielding  x  and  y-pole  estimates,  { Pxk)k=i  and  {Pyk.i}^-  Next,  the  data 
is  transposed  (i.e.  d'hi(n,m )  =  d'w(m,n)  and  d'vi{n,m )  =  d'vl(m,n)),  and  FPA1 
is  applied  to  d'hi(n,m)  and  d'^m^n)  to  arrive  at  a  second  set  of  poles,  {Pxkt  }fc) 
and  \Plkt  ((} /(l<  •  Note  that  the  model  orders  K  and  L*  are  related  to  Kl  and  Ljj.,, 
depending  on  the  structure  of  a  particular  model,  and  are  in  general  different. 

Just  as  in  the  single-polarization  case,  the  two  sets  of  estimates  are  combined, 
and  the  more  accurate  part  of  the  estimates  from  each  set  is  retained.  The  match- 
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ing  is  performed  in  an  identical  manner  to  the  single-polarization  case  using  the 
metric  in  Equation  5.32.  The  final  set  of  matched  pole  pairs  for  FPA2  are  thus 
designated  ,  where  the  p’s  are  given  by  the  paired  px's  and  p^ s  and 

r  =  min{E^i  Lk^UL%}. 

Using  this  definition,  the  model  in  Equation  5.54  can  be  expressed  as 

d-hi (m,  ra)  _  yv  OLh ,  m  n  7Q1 

dvl(m,n)  ^  aVy  Px ^ 

Equation  5.79  now  is  used  to  solve  for  amplitude  coefficients,  {a/,.,  ^  as 

follows 


r  m  i  r  <*,,  i  r 

f(i)  <**  =  <r,0) 

.  P(M  -  1)  J  [  am  j  [  -  1) 

where  each  P(m)  and  d!v{m)  are  given  by 


(5.80) 


P(m)  = 


P™Pyi  Px2Py  2 


pm  N-l  m  N-l 
rxiry1  rx2ry2 


PxrPw 


•  pm  pN~l 
•  XT  rvr 


(5.81) 


d'v{m)  =  [  d'v(m, 0)  d'v(m,  1)  •••  d'v(m,N  -  1)  ]J 


(5.82) 


Equation  5.80  can  be  expressed  as 


VAr,  =  TV. 


(5.83) 


where 


7 1  €  {hi,  vl} 


(5.84) 
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Table  8:  Summary  of  steps  performed  in  FPA2. 


Step 

Estimated  Parameters 

Method  of  Solution 

1 

{Pxjf=i  (*-poles) 

TLS  of  Eq.  5.66  w/  SVD  trunc. 

2 

(z-amp  coefs) 

LS  of  Eq.  5.69  via  QR  decomp. 

3 

Kdwii.1  ^-p0168' 

TLS  of  Eq.  5.73  w/  SVD  trunc. 

4 

(^-p°les) 

TLS  similar  to  Step  1 

5 

icV..'cv.  coets> 

LS  similar  to  Step  2 

6 

(»'-poles> 

TLS  similar  to  Step  3 

fl 

{px7,pt,7}^=i  and  y~ poles) 

Matching  using  Eq.  5.32 

8 

{a^,o;t)7}^_i  (amp  coefs) 

LS  of  Eq.  5.83  via  QR  decomp. 

9 

{t*; (elliPse  Params) 

Eqs.  5.56  to  5.61 

The  two  sets  of  amplii  vide  coefficients  are  found  using  the  pole  estimates  from  a 
least  squares  solution  to  Equation  5.83.  Finally,  the  ellipse  parameters  are  calculated 
from  the  pole  and  amplitude  coefficient  estimates  using  Equations  5.56  to  5.61. 

5.3.4  Examples 

Examples  are  presented  to  assess  model  validity  and  noise  effects.  As  in  the  single 
polarization  case,  two  examples  are  presented.  The  first  example,  called  Exam¬ 
ple  FP1,  considers  the  estimation  of  three  2-D  undamped  exponentials.  The  second 
example,  called  Example  FP2,  considers  the  estimation  of  three  2-D  damped  expo¬ 
nentials.  These  examples  are  very  similar  to  Examples  1  and  2  presented  for  the 
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single  polarization  case. 


Example  FPl 


In  this  example  the  variances  of  frequency  and  magnitude  estimates  are  compared 
to  their  CRBs  at  various  signal  to  noise  ratios  (SNRs)  for  a  three  2-D  frequency 
scenario  (similar  to  the  one  presented  in  Example  1  earlier  in  this  chapter)  utilizing 
FPA2.  Data  was  generated  using  the  model  in  Equation  5.54  for  M  =  N  =  20  and 
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The  linear  basis  amplitude  coefficients  corresponding  to  the  linear-circular  basis 
amplitude  coefficients  above  are 
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(5.86) 


Recall  that  ^ . 

It  can  be  seen  that  from  the  angles  of  the  above  poles  the  corresponding  frequen¬ 
cies  are  0.24  and  0.26,  just  as  in  Example  1.  Also,  the  amplitude  coefficients  are 
chosen  so  that  the  total  energy  for  all  polarizations  is  equal  to  the  total  energy  of 
the  data  in  the  single  polarization  Example  1.  For  the  purposes  of  identification  the 
(x-pole,t/-pole)  pairs  above  with  frequencies  (0.24,0.24),  (0.24,0.26),  and  (0.26,0.24) 


141 


ellipse  factor=0.01  Ellipses  for  Example  FP1 


0.2  0.22  0.24  0.26  0.28  0.3 

x-pole  frequency 


Figure  54:  Polarization  ellipses  for  Example  FP1. 

are  again  labeled  as  2-D  frequencies  fl,  f2,  and  f3,  respectively.  The  polarization 
ellipses  corresponding  to  the  above  data  are  shown  in  Figure  54.  The  ellipse  factor 
in  this  figure  is  defined  as  the  ratio  between  the  size  of  the  ellipses  as  viewed  in  the 
figure  and  the  actual  size  of  the  ellipses. 

Figures  55  and  56  '■how  the  simulation  results  for  the  x  and  y-pole  frequencies 
and  magnitudes.  One  hundred  different  noise  realizations  were  run  for  each  integer 
total  SNR  between  0  and  50dB.  The  algorithm  parameters  were  set  at  Q  =  8 ,K  =  2, 
Ri  =  R.2  =  S,  Li  =  L2  =  2  for  this  example.  The  characteristics  of  these  curves  are 
very  similar  to  the  characteristics  of  the  corresponding  curves  in  Example  1. 


101ogl0(l/Variance) 


(b) 


Figure  55:  Example  FP1.  101og10  (1/Variance)  versus  total  SNR  in  dB  for  (a)  z-pole 
and  (b)  r/-pole  frequencies  using  FPA2. 


101ogl0(  1/Variance) 
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Figure  56:  Example  FP1.  101og10  (1/Variance)  versus  total  SNR  in  dB  for  (a)  a>pole 
and  (b)  y-pole  magnitudes  using  FPA2. 
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Example  FP2 

In  this  example  the  variances  of  frequency  and  magnitude  estimates  are  compared 
to  their  CRBs  at  various  signal  to  noise  ratios  (SNRs)  for  a  three  2-D  damped 
exponential  scenario  (similar  to  the  one  presented  in  Example  2  earlier  in  this  chap¬ 
ter)  utilizing  FPA2.  Data  was  generated  using  the  model  in  Equation  5.54  for 
M  =  N  =  20  and 
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\ .  (5.87) 

The  linear  basis  amplitude  coefficients  corresponding  to  the  above  linear-circular 
basis  coefficients  are  given  by  Equation  5.86.  The  ellipses  corresponding  to  the  above 
data  are  identical  to  the  ellipses  for  Example  FP1,  and  are  shown  in  Figure  54. 

For  the  purposes  of  identification  the  (x-pole,y-pole)  pairs  above  with  frequencies 
(0.24,0.24),  (0.24,0.26),  and  (0.26,0.24)  are  labeled  as  2-D  poles  pi,  p2,  and  p3, 
respectively,  as  in  Example  2.  The  amplitude  coefficients  are  chosen  so  that  the 
total  energy  of  this  data  set  is  equal  to  the  total  energy  of  the  data  set  in  Example  2 
(and  Example  1  and  Example  FP1). 

Figures  57  and  58  show  the  simulation  results  for  the  x-pole  and  y-pole  frequency 
and  magnitude  variances.  The  results  are  very  similar  to  the  results  in  Example  2 
using  Algorithm  Two. 


101ogl0(  1/Variance)  101ogl0(l/Variance) 
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x-pole  frequency  variances  and  CRBs  versus  total  SNR  for  Example  FP2  using  Algorithm  FPA2 


(a) 


y-pole  frequency  variances  and  CRBs  versus  total  SNR  for  Example  FP2  using  Algorithm  FPA2 
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Figure  57:  Example  FP2.  101og10  (1/Variance)  versus  total  SNR  in  dB  for  (a)  x-pole 
and  (b)  y-pole  frequencies  using  Algorithm  FPA2. 
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x-pole  magnitude  vanances  and  CRBs  versus  total  SNR  for  Example  FP2  using  Algorithm  FPA2 


(a) 


y-pole  magnitude  variances  and  CRBs  versus  total  SNR  for  Example  FP2  using  Algorithm  FPA2 


(b) 


Figure  58:  Example  FP2.  101og10  (1/Variance)  versus  total  SNR  in  dB  for  (a)  x-pole 
and  (b)  y-pole  magnitudes  using  Algorithm  Two. 
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5.4  Summary 

In  this  chapter  the  2-D  TLS-Prony  Technique  was  developed.  This  is  a  new  tech¬ 
nique  for  estimating  two-dimensional  (2-D)  poles  and  amplitude  coefficients  in  a 
2-D  Prony-based  model.  The  fundamental  estimation  algorithm  (Algorithm  One) 
involves  two  parts,  each  utilizing  a  1-D  singular  value  decomposition-based  tech¬ 
nique,  and  is  capable  of  locating  frequencies  anywhere  in  the  2-D  frequency  plane. 
The  basic  algorithm  was  first  developed  for  a  single  2-D  data  set,  such  as  a  set 
of  radar  measurements  with  a  single  transmit  ard  receive  polarization.  Simula¬ 
tions  were  shown  which  demonstrate  the  performance  of  the  algorithm  for  various 
noise  levels.  Then,  the  algorithm  was  extended  to  the  full-polarization  case  which 
requires  full-polarization  2-D  measurements  of  a  target.  Simulations  were  shown 
which  demonstrate  the  performance  of  this  algorithm  for  various  noise  levels.  The 
performance  characteristics  for  both  the  single-polarization  and  full-polarization  al¬ 
gorithms  are  shown  to  be  nearly  identical. 


CHAPTER  VI 


Simulations  Utilizing  GTD  Flat  Plate  Data 

6.1  Introduction 

In  order  to  demonstrate  the  utility  and  the  limitations  of  the  2-D  TLS-Prony  Tech¬ 
nique  described  in  the  previous  chapter,  radar  scattering  data  (both  single  polariza¬ 
tion  and  full-polarization)  are  analyzed  using  this  technique.  The  structure  analyzed 
is  a  thin  metal  perfectly  conducting  square  plate  0.5  meters  long  on  a  side.  This 
plate  is  oriented  in  the  spherical  coordinate  system  as  shown  in  Figure  59. 

The  scattering  data  was  simulated  using  the  GTD-based  code  described  in  [49]. 
All  of  the  scattering  mechanisms  which  are  modeled  by  the  GTD  code  were  used  to 
generate  the  data.  For  example,  the  corner  scattering  coefficients,  the  edge  scattering 


Figure  59:  Thin  metal  perfectly  conducting  square  plate  analyzed. 
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coefficients  and  the  double-bounce  coefficients  are  included  in  the  data  set.  However, 
the  corner  scattering  coefficients  are  the  dominant  terms  in  the  data. 

The  locations,  damping  factors  and  polarimetric  properties  of  the  scattering 
centers  which  exist  on  the  plate  are  estimated  using  both  the  single-polarization 
TLS-Prony  Technique  and  the  full-polarization  TLS-Prony  Technique.  This  struc¬ 
ture  contains  corners  and  edges  at  both  grazing  and  non-grazing  angles.  Thus, 
the  abilities  of  the  2-D  TLS-Prony  Technique  to  estimate  non-point  scatterer  type 
scattering  centers  is  demonstrated. 

The  examples  that  are  shown  in  this  chapter  are  intended  to  investigate  several 
issues.  First,  the  quality  of  the  parameter  estimates  as  a  function  of  2-D  angular 
and  frequency  bandwidth  is  demonstrated.  Limited  angular  data  sets  over  several 
2-D  angular  and  frequency  bandwidths  are  analyzed  in  this  chapter.  Second,  the 
ability  of  the  estimation  algorithms  to  use  data  directly  in  polar  form,  rather  than 
interpolating  the  data  onto  a  rectangular  data  grid  in  the  2-D  frequency  plane,  is 
investigated.  Third,  the  effects  of  noise  on  the  parameter  estimates  for  the  various 
data  sets  is  examined.  Also,  the  effects  (on  the  parameter  estimates)  of  choosing 
model  orders  which  are  equal  to  and  greater  than  the  expected  number  of  scattering 
centers  are  examined. 

Recall  that  the  2-D  TLS-Prony  Technique  requires  data  on  a  rectangular  grid 
in  the  2-D  frequency  plane.  However,  if  the  data  (gathered  by  a  radar)  lies  on  a 
polar  grid,  it  is  possible  to  treat  this  data  as  if  it  lies  on  a  rectangular  grid  if  the 
polar  grid  is  over  a  relatively  small  angular  bandwidth  (usually  under  15°)  and  the 
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center  frequency  is  larger  than  several  times  the  frequency  bandwidth  of  the  data. 
Thus,  the  polar  data  is  assumed  to  lie  directly  on  a  rectangular  (or  square)  grid.  A 
polar  data  set  over  a  15°  angular  swath  with  a  center  frequency  to  bandwidth  ratio 
of  4.029  is  utilized  directly  as  the  data  in  the  2-D  TLS-Prony  Technique.  Then  this 
data  set  is  interpolated  onto  a  square  data  grid  and  the  results  of  the  two  sets  of 
simulations  are  compared.  Another  polar  data  set  over  a  3°  angular  swath  is  also 
analyzed.  The  polar  data  over  this  angular  swath  is  also  directly  utilized  by  the 
2-D  TLS-Prony  Technique,  but  in  this  case  the  center  frequency  to  bandwidth  ratio 
is  19.250.  The  interpolation  of  this  3°  onto  a  square  grid  is  not  examined  in  detail 
since  the  polar  grid  closely  resembles  the  square  grid  for  such  a  small  2-D  angular 
and  frequency  bandwidth. 

Most  of  the  examples  shown  involve  scenarios  where  no  noise  is  added  to  the 
scattering  data.  The  effects  of  noise  on  the  parameter  estimates  are  demonstrated 
by  considering  the  relative  error  (RE)  versus  total  SNR  for  the  various  data  sets.  It 
is  shown  that  for  two  of  the  thr~e  data  sets  examined,  the  RE  and  thus  the  parameter 
estimates  are  not  effected  by  noise  for  total  SNRs  over  15  dB.  The  single  data  set 
which  yields  parameter  estimates  which  are  effected  by  noise  for  SNRs  up  to  and  over 
50  dB  is  the  polar  data  set  over  a  3°  angular  swath.  This  data  set  is  more  sensitive  to 
noise  since  the  resolution  (in  the  2-D  range  domain)  is  the  smallest  of  all  of  the  data 
sets  (due  to  the  fact  that  the  2-D  angular  and  frequency  bandwidths  are  the  smallest 
for  this  data  set).  The  2-D  TLS-Prony  Technique  is  superresolving  the  scattering 
centers,  and  the  parameter  estimates  are  more  sensitive  to  noise.  It  is  demonstrated 
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in  [10]  that  the  parameter  estimates  associated  with  various  parametric  techniques, 
such  as  Prony’s  Method,  are  sensitive  to  noise  when  the  parametric  techniques  are 
superresolving  modes.  The  effects  of  noise  for  the  3°  polar  swath  data  are  shown  in 
the  form  of  scatter  plots  for  scattering  center  locations  for  various  total  SNRs. 

6.2  Description  of  Data 

The  first  data  set  analyzed  consists  of  the  monostatic  scattering  matrix  from  the 
plate  for  incidence  angles  of  —7.5°  <  <f>  <  97.5°  with  9  fixed  at  90°.  The  frequency 
range  is  from  9  GHz  to  11.55  GHZ  in  0.085  GHz  steps.  The  angular  step  size  is 
0.5°.  Thus,  the  data  set  is  31x211  (number  of  frequencies  x  number  of  angles). 
Data  segments  of  size  31x31  are  analyzed  using  Algorithm  Two  and  FPA2.  This 
corresponds  to  a  15°  polar  swath  of  data.  The  unambiguous  range  for  this  data  set 
is  1.7637  meters  in  each  direction.  Note  that  this  data,  which  lies  on  the  polar  grid, 
is  used  directly  by  the  2-D  TLS-Prony  Technique,  without  being  interpolated  onto 
a  square  grid.  Recall  that  the  2-D  TLS-Prony  Technique  requires  data  which  lies 
on  a  rectangular  grid  in  the  2-D  frequency  plane.  Thus,  it  is  assumed  that  since 
these  polar  data  sets  are  over  a  relatively  small  angular  swath  (15°)  and  the  center 
frequency  is  4.029  times  the  bandwidth,  it  is  a  reasonable  approximation  to  assume 
that  the  polar  grid  is  close  enough  to  a  square  grid  to  treat  the  data  as  if  it  lies  on  a 
square  grid.  The  frequency  and  angular  step  sizes  of  0.085  GHz  and  0.5°  were  chosen 
to  make  the  spacing  in  the  frequency  direction  very  close  to  the  spacing  between 
data  samples  in  the  angular  direction  on  the  2-D  frequency  plane.  This  validity  of 
this  assumption  is  investigated  in  the  examples  which  utilize  this  data  set,  which  is 
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designated  the  15°  polar  swath  of  data. 

The  second  data  set  analyzed  consists  of  several  29x29  data  segments  which  lie 
on  a  square  grid  in  the  2-D  frequency  plane.  These  data  sets  were  interpolated  from 
the  15°  polar  swaths  of  data  segments.  Twenty-seven  different  square  grid  data  sets 
are  interpolated  from  the  15°  polar  swaths  of  data.  There  are  nine  different  center 
angles  for  the  square  grid  data  sets,  and  three  polarizations  per  center  angle.  The 
interpolation  method  in  Equation  4.27  was  used  to  interpolate  the  31x31  15°  polar 
swath  data  sets  to  the  29x29  square  grid  data  sets.  The  spacing  between  the  square 
grid  data  points  is  0.085  GHz  in  each  direction  on  the  2-D  frequency  plane.  The 
reason  that  the  square  grid  is  only  29x29  while  ttie  polar  grid  is  31x31  is  that  by 
making  the  square  grid  fit  entirely  within  the  polar  grid,  the  need  to  extrapolate  to 
square  grid  data  points  which  lie  outside  of  the  original  polar  grid  is  avoided. 

The  third  data  set  analyzed  consists  of  several  3°  polar  swaths  of  data.  The 
frequency  range  is  from  9  GHz  to  9.48  GHz  in  0.016  GHz  steps.  The  angular  range 
is  ±1.5°  around  the  center  angle  in  0.1°  steps.  Thus,  these  data  sets  are  also  of 
size  31x31  points.  The  unambiguous  range  for  these  data  sets  is  9.3684  meters  n 
each  direction.  These  3°  polar  data  sets  are  utilized  directly  by  the  2-D  TLS-Prony 
Technique  in  polar  form.  Since  this  data  set  is  over  a  very  small  angular  swath  (3°) 
and  the  center  frequency  is  19.250  times  the  bandwidth,  it  is  a  good  approximation 
to  assume  that  the  polar  grid  is  close  enough  to  a  square  grid  to  treat  the  data  as 
if  it  lies  on  a  square  grid.  This  is  a  much  safer  assumption  than  that  made  for  the 
15°  polar  swath  of  data.  Results  for  scenarios  where  this  3°  data  is  interpolated 
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onto  a  square  grid  as  the  15°  data  are  not  shown  since  the  polar  grid  is  such  a  close 
approximation  to  the  square  grid.  Several  sets  of  this  3°  polar  data  were  interpolated 
onto  a  square  grid  and  the  results  obtained  (which  are  not  shown)  were,  in  general, 
worse  in  a  relative  error  sense  to  the  results  obtained  using  the  polar  data  directly. 
This  is  most  probably  due  to  the  interpolation  error  which  was  introduced  in  the 
interpolation  step.  The  interpolation  method  is  a  linear  function,  and  this  is  not  an 
accurate  model  for  this  data.  The  development  of  a  more  appropriate  interpolation 
technique  is  an  area  for  future  research. 

The  measurement  geometry  is  shown  in  Figure  60.  The  four  corners  of  the  plate 
are  labeled  Cl,  C2,  C3,  C4  in  this  figure.  The  projection  of  the  plate  onto  the 
xy- plane  is  the  expected  form  of  the  image  for  all  of  the  data  sets  since  the  slice  of 
data  obtained  is  always  limited  to  B  —  90°  (or  the  xy-plane).  The  angle  (f>  in  this 
figure  is  designated  the  center  angle  of  rotation  of  the  data.  The  data  collected  in 
the  2-D  frequency  plane  is  depicted  in  Figure  61.  First,  a  single-polarization  TLS- 
Prony  algorithm  (Algorithm  Two)  is  applied  to  the  data.  Then,  a  full-polarization 
TLS-Prony  algorithm  (FPA2)  is  applied  to  the  data. 

6.3  Single-Polarization  Analysis  of  Plate 

Figure  62  shows  a  contour  image  of  the  plate  obtained  by  directly  taking  a  2-D  IFFT 
of  the  fi/i-polarization  15°  polar  swath  of  data  and  then  re-scaling  the  axes.  The 
15°  sector  of  data  used  was  for  azimuth  angles  of  37.5°  <  <p  <  52.5°.  The  outline 
of  the  plate  corresponds  to  a  plate  at  the  center  of  this  azimuth  sweep,  <p  =  45°. 
The  corners  of  the  plate,  labeled  Cl,  C2,  C3,  C4  in  this  figure  correspond  to  the 
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Figure  60:  Geometry  for  scattering  measurements  from  plate. 


corners  shown  in  Figure  60.  These  corner  definitions  remain  unchanged  throughout 
this  chapter.  Comparing  Figures  60  and  62,  the  meanings  of  down-range  distance 
and  cross-range  distance  become  apparent.  For  0  =  0°,  the  down-range  scale  is  the 
negative  i-axis  and  the  cross-range  scale  is  the  positive  y-axis  in  Figure  60. 

For  the  initial  analysis  of  the  data,  the  model  orders  chosen  will  reflect  the  ex¬ 
pected  number  of  scattering  centers.  For  example,  for  a  center  angle  of  0  =  45°, 
model  orders  of  Q,  K,  R,  L  =  10,4,10,1  are  reasonable  since  there  are  four  cor¬ 
ners,  each  at  different  down-range  and  cross-range  distances.  For  center  angles  of 
15°  <  0  <  75°  the  expected  number  of  scattering  centers  is  four  (the  four  corners  of 
the  plate).  Each  of  the  corners  of  the  plate  are  at  a  different  down-range  distance, 
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and  thus  the  appropriate  model  orders  for  these  center  angles  are  Q,K,R,L  = 
10,4,10,1.  Recall  that  the  choice  of  Q  and  R  depends  upon  the  data  length 
(Q  =  10  «  y  and  R  =  10  ~  y  [59])  while  the  choice  of  K  and  L  depend  upon 
the  expected  number  of  scattering  centers.  For  center  angles  of  0°  <  <fi  <  15°  and 
75°  <  4>  <  90°,  the  scattering  response  of  the  plate  is  edge  dominated,  and  the 
model  orders  are  chosen  to  reflect  this.  Since  the  damped  exponential  is  not  a  good 
model  for  the  scattering  from  an  edge  for  these  grazing  angles,  the  model  orders  are 
chosen  slightly  larger  than  the  expected  number  of  scattering  centers  in  an  attempt 
to  more  completely  model  the  data. 
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Contour  image  of  tilted  flat  plate  at  43  degrees  (hit-polarization) 
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Figure  62:  Contour  image  of  plate  for  <f)  =  45°  generated  from  a  15°  polar  swath  of 
h/i-polarization  data. 

6.3.1  Single  Polarization  Analysis  of  Fifteen  Degree  Polar 
Swaths  of  Data 

The  first  set  of  simulations  use  the  15°  polar  swaths  of  data.  The  polar  data  is 
directly  used  by  Algorithm  Two  (the  polar  data  is  not  interpolated  onto  a  square 
grid).  Nine  15°  sections  of  the  hh,  hv  and  uu-polarization  data  are  analyzed  using 
Algorithm  Two.  The  results  are  shown  in  Figures  63  through  76.  Shown  for  each 
angle  are  three  contour  images  of  the  plate,  each  image  corresponding  to  one  of  the 
three  polarizations,  found  by  directly  using  the  polar  data  in  the  2-D  IFFT.  Since 
the  polar  data  is  directly  used  by  the  2-D  TLS-Prony  Technique,  it  is  reasonable 
to  use  the  polar  data  directly  to  form  the  images  of  the  plate.  Also  shown  are 
three  sets  of  pole  locations,  each  set  corresponding  to  one  of  the  three  polarizations, 
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estimated  by  Algorithm  Two  with  no  noise  added  to  the  original  data.  In  the  cases 
where  there  are  more  than  four  poles,  only  the  four  highest  energy  poles  are  shown 
in  these  plots. 

Along  with  these  plots  are  shown  contour  images  which  were  generated  from  the 
estimated  parameters.  The  parameters  estimated  by  Algorithm  Two  are  used  in 
the  2-D  model  in  Equation  5.2  to  generate  data  in  the  2-D  frequency  domain.  Note 
that  all  of  the  parameters  estimated  by  Algorithm  Two  are  used  to  generate  this 
data  (not  just  the  four  highest  energy  poles).  This  data  is  then  transformed  into 
the  image  domain  and  the  results  are  shown  in  the  figures.  Outlines  of  the  plate  are 
shown  for  the  center  of  the  azimuth  sweep.  The  data  used  to  generate  each  contour 
image  is  a  31  x  31  data  set,  where  the  angular  data  was  taken  at  ±7.5°  around 
the  angle  indicated,  which  is  the  center  of  the  rotation.  For  each  plot,  the  entire 
unambiguous  range  is  shown  which  is  1.7637  meters  in  each  direction. 

It  must  be  pointed  out  that  all  of  the  contour  images  shown  in  this  chapter,  in 
general,  are  on  different  magnitude  scales.  That  is,  the  value  of  a  given  contour 
line  for  one  contour  plot  is  not  necessarily  the  same  value  on  another  contour  plot. 
Thus,  the  contour  plots  are  shown  to  demonstrate  the  form  of  each  individual  im¬ 
age,  and  relative  magnitude  comparisons  between  images  can  not  be  made.  The 
differences  between  an  original  data  generated  contour  image  and  its  corresponding 
model  generated  contour  image  are  reflected  in  the  relative  error  (RE)  between  the 
two  images,  which  is  defined  in  Equation  6.1.  It  also  must  be  emphasized  that  an 
outline  of  the  plate  (projected  onto  the  xy-plane)  is  sketched  in  most  plots  shown  in 
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Table  9:  Model  orders  and  relative  errors  for  single  polarization  results  for  the 
scattering  from  an  inclined  plate.  The  data  is  a  15°  polar  swath. 


Angle 

Model  Order;  Q,  K,  R,  L 

RE  (hh) 

RE  (hv) 

RE  (vv) 

0 

10,2,10,2 

0.9818 

0.5896 

0.9817 

mm 

10,4,10,2 

0.7035 

0.7054 

0.6902 

15 

10,4,10,1 

0.6777 

0.7311 

0.6343 

30 

10,4,10,1 

0.6518 

0.5989 

0.5883 

45 

10,4,10,1 

0.5644 

0.6448 

0.6191 

60 

10,4,10,1 

0.6993 

0.6390 

0.5855 

75 

10,4,10,1 

0.4608 

0.4490 

0.4919 

82.5 

10,4,10,2 

0.6520 

0.6577 

0.5639 

90 

10,2,10,2 

0.9230 

0.9210 

0.9256 

this  chapter,  and  this  plate  outline  is  not  Dart  of  the  contour  image  or  the  estimated 
pole  locations.  This  outline  is  sketched  to  show  the  relationship  between  the  images 
or  estimated  pole  locations  and  the  structure  of  the  plate. 

The  model  orders  used  and  the  relative  error  (RE)  for  the  Algorithm  Two  gen¬ 
erated  estimates  are  given  in  Table  9.  The  RE  is  defined  as 


RE  = 


IIP' -All 

Pll 


(6.1) 


where  D'  is  the  data  matrix  generated  by  the  parameter  estimates  and  D  is  the 
actual  data  matrix.  The  ||  •  ||  denotes  the  Frobenius-norm,  which  is  calculated  for  a 
matrix  B  as  the  square  root  of  the  sum  of  the  squares  of  all  of  the  elements  in  B. 

Figures  64  and  65  show  results  for  0  =  7.5°.  From  the  contour  images  in  this 
figure  it  can  be  seen  that  the  front  edge  (the  edge  at  x=0.173  meters,  between  C3 
and  C4,  in  Figure  59)  is  dominant  in  the  hh-polarization  response  while  the  rear  edge 


159 


Contour  image  at  0  degree*  foe  hh- polarization 
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Contour  image  at  0  degree*  for  hv- polarization 
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Figure  63:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  0°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  /iv-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,2,10,2. 
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Contour  image  at  7.5  degroc*  far  hh-poimnzatx* 
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Figure  64:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  0°  and  7.5°.  Contour  images,  estimated  pole  locations  and  model 
generated  contour  images  of  the  plate  are  shown  for  vv  polarization  at  0°  and 
hh- polarization  at  7.5°.  Pole  locations  were  estimated  by  Algorithm  Two.  Model 
orders  were  Q,K,R,L  =  10,2,10,2  for  0°  and  Q,K,R,L  =  10,4,10,2  for  7.5°. 
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Ccntoui  image  at  7.5  degree*  fc*  hv-polanzabon 
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Figure  65:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  7.5°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  w-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,2. 
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Contour  image  at  15  degrees  fcr  hh-polanzaticn 
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Figure  66:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  15°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  /u>-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Figure  67:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  15°  and  30°.  Contour  images,  estimated  pole  locations  and  model 
generated  contour  images  of  the  plate  are  shown  for  vv  polarization  at  15°  and 
h/i-polarization  at  30°.  Pole  locations  were  estimated  by  Algorithm  Two.  Model 
orders  were  Q,K,R,L  =  10,4,10,1  for  15°  and  30°. 
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Contour  image  at  30  degree*  for  hv-potanzaben 
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Figure  68:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  30°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  hu-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Contour  image  at  45  degree*  for  hh -polarization 
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Figure  69:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  45°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  w-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Contour  image  at  45  degree*  for  vv -polarization 
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Figure  70:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  45°  and  60°.  Contour  images,  estimated  pole  locations  and  model 
generated  contour  images  of  the  plate  are  shown  for  vv  polarization  at  45°  and 
/i/i-polarization  at  60°.  Pole  locations  were  estimated  by  Algorithm  Two.  Model 
orders  were  Q,K,R,L  =  10,4,10,1  for  45°  and  60°. 
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Figure  71:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  60°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  tw-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Figure  72:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  75°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  hu-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Figure  73:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  75°  and  82.5°.  Contour  images,  estimated  pole  locations  and  model 
generated  contour  images  of  the  plate  axe  shown  for  vu-polarization  at  75°  and 
hh- polarization  at  82.5°.  Pole  locations  were  estimated  by  Algorithm  Two.  Model 
orders  were  Q,K,R,L  =  10,4,10,1  for  75°  and  Q,K,R,L  =  10,4,10,2  for  82.5°. 
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Estimated  pole  location*  at  82.5  degrees  for  hv- polarization 
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Figure  74:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  82.5°.  Contour  images,  estimated  pole  locations  and  model  gener¬ 
ated  images  are  shown  for  hh  and  /iv-polarizations.  Pole  locations  were  estimated 
by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,2. 
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Contour  unap  at  90  degree*  for  hh-polanzadcn 
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Figure  75:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  90°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  hv-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,2,10,2. 
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Figure  76:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  90°.  Contour  images,  estimated  pole  locations  and  model  gener¬ 
ated  images  are  shown  for  uv-polarization.  Pole  locations  were  estimated  by  Algo¬ 
rithm  Two.  Model  orders  were  Q,  K,R,L  =  10,2,10,2. 
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(the  edge  at  z=-0.173  meters,  between  Cl  and  C2,  in  Figure  59)  is  dominant  in  the 
w-polarization  response.  The  estimated  pole  locations  confirm  this  as  they  cluster 
on  the  dominant  edge  in  the  hh  and  w-polarization  cases.  For  the  hu-polarization 
response,  the  corners  Cl  and  C2  are  dominant. 

Figures  66  and  67  show  results  for  0  =  15°.  From  the  contour  images  it  can  be 
seen  that  this  response  is  corner  dominated.  This  can  also  be  seen  in  the  estimated 
pole  plots.  The  same  conclusions  can  be  made  for  the  scenarios  analyzed  in  Fig¬ 
ures  68  through  73.  Figures  73  and  74  show  the  results  for  0  =  82.5°.  This  is  an 
edge  dominated  scenario  similar  to  the  0  =  7.5°  scenario.  For  many  of  the  scenarios, 
some  corners  or  edges  are  dominant  for  one  polarization  while  the  other  edges  or 
corners  are  dominant  for  another  polarization.  This  can  be  taken  advantage  of  by 
estimating  the  pole  locations  using  the  full-polarization  data,  and  this  is  done  in  the 
next  section. 

The  estimated  pole  locations  in  Figures  63  through  76,  in  general,  lie  on  the 
corners  of  the  plate.  For  many  of  the  plots,  one  corner  of  the  plate  has  several  poles 
clustering  on  it  and  other  corner(s)  of  the  plate  have  no  poles  associated  with  them. 
In  these  cases,  the  corner  with  more  than  one  associated  pole  is  usually  the  largest 
energy  corner  on  the  plate,  which  can  be  seen  by  looking  at  the  image  of  the  plate. 
Also,  the  corner(s)  with  no  associated  poles  is  usually  the  lowest  energy  corner(s). 
The  model  generated  contour  images  should,  ideally,  be  identical  to  the  original 
data  plate  images.  However,  there  are  differences  between  the  two  sets  of  images. 
These  differences  demonstrate  that  the  2-D  Prony  Model  has  difficulty  in  modeling 
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this  data  set. 

The  REs  in  Table  9  are  relatively  high  to  consider  the  2-D  Prony  Model  “good” 
at  modeling  the  plate  scattering  centers.  The  larger  REs  for  center  angles  of 
15°  <  0  <  75°  are  an  indication  that  the  original  assumption  that  the  polar  grid 
is  close  enough  to  a  square  grid  in  the  2-D  frequency  plane  as  if  to  be  treated  as 
on  a  square  grid  was  not  as  reasonable  as  first  thought.  This  issue  is  investigated 
in  Section  6.3.3  when  this  polar  data  is  interpolated  onto  a  true  square  grid  and 
the  same  examples  are  shown.  For  center  angles  near  0  =  0°  or  0  =  90°,  the  large 
REs  can  also  be  attributed  to  the  inability  of  the  damped  exponential  to  model  the 
scattering  response  (in  angle)  of  an  edge  near  grazing  angles. 

In  order  to  see  if  the  high  RE  is  dominated  by  modeling  error,  noise  is  added  to 
the  data  and  the  RE  evaluated  for  various  total  SNRs.  Figure  77  shows  the  RE  of 
the  data  versus  the  total  SNR  for  total  SNRs  between  -20  and  50  dB,  for  all  three 
polarizations  for  0  =  0°  and  0  =  45°.  Fifty  simulations  were  run  every  5  dB  and 
the  RE  for  each  SNR  is  the  average  RE  over  all  of  the  simulations  run  at  that  SNR. 
The  ‘o’  in  the  plot  at  50  dB  is  the  value  of  the  RE  with  no  noise  added  to  the  GTD 
data  (this  is  the  value  in  Table  9). 

From  the  plots  in  Figure  77  it  can  be  seen  that  the  REs  are  near  their  infinite 
SNR  values  around  an  SNR  of  10  dB.  From  these  plots,  it  can  be  concluded  that  the 
REs  are  dominated  by  modeling  error  for  the  15°  polar  swaths  of  data.  Thus,  since 
the  REs  are  relatively  constant  for  total  SNRs  over  10  dB,  it  can  be  assumed  that 
the  parameter  estimates  are  not  effected  much  by  noise  for  total  SNRs  over  10  dB. 
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Figure  77:  RE  versus  SNR  for  noise  added 
polarizations  are  shown  for  <f>  =  0°  and  4>  = 
=  10,2,10,2  for  the  <f>  =  0°  plots  and  Q,K 
The  ‘o’  at  50  dB  in  each  plot  is  the  RE  1 
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Total  SNR  in  dB 


176 


This  was  confirmed  by  comparing  parameter  estimates  at  several  total  SNRs  over 
10  dB  for  multiple  noise  realizations.  These  results  are  not  shown  here. 

6.3.2  Single  Polarization  Analysis  of  Fifteen  Degree  Polar 
Swaths  of  Data  with  Larger  Model  Orders  Chosen 

Next  the  15°  polar  swaths  of  data  are  again  analyzed,  with  the  model  orders  being 
chosen  larger  than  in  the  previous  section.  This  analysis  is  performed  for  two  rea¬ 
sons.  First,  the  effect  of  larger  model  orders  on  the  REs  is  examined.  Second,  how 
larger  model  orders  effect  the  parameter  estimates  (specifically,  the  pole  locations) 
is  investigated. 

Figures  78  through  86  show  the  estimated  pole  locations  and  model  generated 
contour  images  for  model  orders  which  are  larger  than  the  model  orders  chosen  in 
Figures  63  through  76.  Only  the  six  highest  energy  poles  are  shown  on  the  estimated 
poles  plots.  The  contour  images  are  generated  by  taking  the  2-D  IFFT  of  the  data 
generated  by  the  model  in  Equation  5.2  using  all  of  the  parameters  estimated  by 
Algorithm  Two  (not  just  the  six  highest  energy  poles).  Table  10  summarizes  the 
model  orders  chosen  and  shows  the  REs  with  no  noise  added  to  the  GTD  data.  The 
criteria  for  choosing  the  model  orders  was  to  increase  them  until  the  point  where 
there  was  no  significant  reduction  in  RE.  Thus,  raising  the  model  orders  above  the 
values  in  Table  10  will  not  significantly  reduce  the  RE. 

Examining  Figures  78  through  86,  and  comparing  with  the  corresponding  figures 
in  Section  6.3.1,  it  can  be  seen  that  choosing  larger  model  orders  allows  the  model 
generated  images,  in  general,  to  appear  closer  to  the  original  data  images.  This 
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Figure  78:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  0°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh,  hv  and 
vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘+’s,  where  only 
the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown  for 
hh,  hv  and  uu-polarizations.  Model  orders  were  Q,K,R,L  =  10,4,10,4. 
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Estimated  pole  location*  at  7,5  degrees  for  hh-polanzation 
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Figure  79:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  7.5°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh,  hv 
and  vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘+’s,  where 
only  the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown 
for  hh,  hv  and  w-polarizations.  Model  orders  were  Q,K,R,L  =  10,6,10,4. 
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Figure  80:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  15°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh,  hv 
and  vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘+’s,  where 
only  the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown 
for  hh,  hv  and  w-polarizations.  Model  orders  were  Q,K,R,L  =  10,6,10,4. 
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Estimated  poie  location*  at  30  degree*  for  hh- polarization 
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Figure  81:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  30°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh,  hv 
and  vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘-(-’s,  where 
only  the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown 
for  hh,  hv  and  uu-polarizations.  Model  orders  were  Q,K,R,L  =  10,6,10,4. 
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Estimated  pole  location*  at  45  degrees  far  hb-polartzation 
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Figure  82:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  45°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh,  hv 
and  vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘+’s,  where 
only  the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown 
for  hh,  hv  and  uv-polarizations.  Model  orders  were  Q,  K,R,L  =  10,6,10,4. 
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Estimated  pole  locations  at  60  degrees  for  lib- polarization 
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Figure  83:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  60°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh ,  hv 
and  vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘+’s,  where 
only  the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown 
for  hh,  hv  and  uv-polarizations.  Model  orders  were  Q,K,R,L  =  10,6,10,4. 
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Estimated  pole  location*  it  7$  degrees  for  hh- polarization 
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Figure  84:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  75°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh,  hv 
and  vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘-(-’s,  where 
only  the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown 
for  hh ,  hv  and  uv-polarizations.  Model  orders  were  Q,K,R,L  =  10,6,10,4. 


184 


Estimated  pole  loaUxxu  st  823  degrees  fer  hh-polsnzaUap 


Estimated  pole  location!  tt  823  degree*  for  hv-potamatico 


cross -range  distance,  meters 


Mocfcl  generated  unage  at  823  degrees  fer  hb-potsuiza&oo 


Model  generated  unage  at  823  degrees  far  hv-paknza&cn 


Model  generated  unage  at  823  degrees  for  vv -polar izati cn 


Figure  85:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  82.5°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh,  hv 
and  vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘+’s,  where 
only  the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown 
for  hh,  hv  and  vv- polarizations.  Model  orders  were  Q,K,R,L  =  10,6,10,4. 


185 
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Figure  86:  Single  polarization  inclined  plate  example  for  a  15°  swath  of  polar  data 
centered  around  90°.  Pole  locations  were  estimated  by  Algorithm  Two  for  hh,  hv 
and  vv  polarizations.  Estimated  pole  locations  by  are  designated  by  ‘-l-’s,  where 
only  the  six  highest  energy  poles  are  shown.  Contour  images  of  the  plate  are  shown 
for  hh,  hv  and  uv-polarizations.  Model  orders  were  Q,K,R,L  =  10,4,10,4. 
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is  reflected  by  the  REs  in  Table  10  which  are  lower  than  their  respective  REs  in 
Table  9.  The  pole  locations  in  Figures  78  through  86  tend  to  cluster  multiple  poles 
on  the  largest  energy  corners  or  edges.  Thus,  the  larger  energy  scattering  centers 
on  the  plate  are  modeled  by  several  poles,  and  this  reduces  the  REs. 

The  use  of  model  orders  which  are  larger  than  the  expected  number  of  scattering 
centers  is  deviating  from  the  intent  of  the  2-D  TLS-Prony  Technique  to  model  one 
scattering  center  by  one  2-D  mode.  Ideally,  the  choice  of  model  orders  should  reflect 
the  expected  number  of  scattering  centers.  However,  in  cases  where  the  damped 
exponential  does  not  model  the  scattering  behavior  of  the  scattering  centers  present 
in  the  data,  raising  the  model  order  will  enable  the  2-D  damped  exponential  to 
better  model  the  data. 

For  this  data  set  (the  15°  polar  swath  of  data)  there  are  two  reasons  why  the 
2-D  damped  exponential  model  does  not  model  the  data  well.  First,  for  angles  near 
0  =  0°  and  4>  =  90°,  the  response  is  edge  dominated  and  the  angular  response 
for  these  angles  is  impulsive  which  is  not  well  modeled  by  a  damped  exponential. 
Second,  the  initial  assumption  that  the  polar  data  can  be  used  directly  by  the  2-D 
TLS-Prony  Technique  was  not  as  good  as  first  assumed.  This  is  demonstrated  in  the 
next  section  (Section  6.3.3)  when  this  polar  data  set  is  interpolated  onto  a  square 
grid. 

Figure  87  shows  the  RE  of  the  data  versus  the  total  SNR  for  total  SNRs  between 
-20  and  50  dB,  for  all  three  polarizations  for  4>  =  0°  and  <p  =  45°.  As  before,  fifty 
simulations  were  run  every  5  dB  and  the  RE  for  each  SNR  is  the  average  RE  over  all 
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Table  10:  Model  orders  and  relative  errors  for  single  polarization  results  for  the 
scattering  from  an  inclined  plate  with  model  orders  larger  than  the  model  orders  in 
Table  9.  The  data  is  a  15°  polar  swath. 


Angle 

Model  Order;  Q,  K,  R,  L 

RE  (hh) 

RE  (hv) 

RE  (vv) 

0 

10,4,10,4 

0.8240 

0.1908 

0.8249 

Mm 

10,6,10,4 

0.5082 

0.3289 

0.4934 

15 

10,6,10,4 

0.4679 

0.4922 

0.4851 

30 

10,6,10,4 

0.3193 

0.2869 

0.3140 

45 

10,6,10,4 

0.3585 

0.3392 

0.2501 

60 

10,6,10,4 

0.2313 

0.2225 

0.2483 

75 

10,6,10,4 

0.3138 

0.3214 

0.2845 

82.5 

10,6,10,4 

0.4797 

0.4526 

0.4155 

90 

10,4,10,4 

0.3712 

0.3565 

0.4147 

of  the  simulations  run  at  that  SNR.  The  ‘o’  in  the  plot  at  50  dB  is  the  value  of  the 
RE  with  no  noise  added  to  the  GTD  data  (this  is  the  value  in  Table  10).  From  these 
RE  plots,  as  was  the  case  for  the  lower  model  orders,  the  REs  (and  the  parameter 
estimates)  are  not  dependent  upon  SNR  for  SNRs  over  15  dB.  Thus,  the  REs  are 
dependent  upon  modeling  error  for  these  examples. 

6.3.3  Single  Polarization  Analysis  of  Square  Grids  of  Data 
Interpolated  from  Fifteen  Degree  Polar  Swaths  of 
Data 

Next,  the  15°  sections  of  data  are  interpolated  from  the  polar  grid  to  a  square  grid 
using  the  method  of  Equation  4.27.  The  square  grid  data  set  is  29  x  29  and  is 
centered  around  the  midpoint  of  the  polar  grid,  namely,  fx  =  cos(0)(lO.275GHz) 
and  fy  =  sin(0)(lO.275GHz)  where  0  is  the  center  angle  of  rotation  of  the  polar 
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Figure  87:  RE  versus  SNR  for  noise  added  to  the  GTD  data  of  the  plate.  All  three 
polarizations  are  shown  for  0  =  0°  and  (f>  =  45°.  The  model  orders  were  Q ,  if,  R,  L 
=  10,4,10,4  for  the  (f>  =  0°  plots  and  Q,K,R,L  =  10,6,10,4  for  the  <f>  =  45°  plots. 
The  ‘o’  at  50  dB  in  each  plot  is  the  RE  for  no  noise  added  to  the  data  for  that 
scenario.  The  data  is  a  15°  swath  of  polar  data. 
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data.  The  steps  in  the  square  grid,  in  each  direction,  are  0.085  GHz.  The  square 
grid  is  tilted  on  the  2-D  frequency  plane,  by  <f> ,  to  account  for  the  center  angle  of 
rotation  {(j>)  of  the  data  set.  The  local  2-D  coordinate  system  for  the  square  grid 
data  set  is  designated  by  rectilinear  coordinates  ( /*,/* )  and  these  are  related  to 
the  absolute  coordinates  of  the  2-D  frequency  plane,  (fx,fy),  which  are  shown  in 
Figure  61,  by 

f‘x  =  fx  cos  <f>  -  fy  sin  <f>  +  /mid  cos  <p  (6.2) 

fy  =  fx  sin  (f)  +  fy  cos  (f)  +  /mid  sin  $ 

where  /mjd  is  the  center  frequency  of  the  data  set,  which  is  10.275  GHz  for  this 
data  set  and  0  is  the  center  angle  rotation  of  the  polar  (and  square)  grid  data  sets. 
Thus  the  square  grid  data  set  lies  centered  on  this  local  coordinate  system  which  is 
translated  and  rotated  from  the  absolute  coordinates  of  the  2-D  frequency  plane. 

The  square  grid  was  chosen  to  be  slightly  smaller  than  the  polar  grid  from  which 
it  was  interpolated  so  that  all  of  the  data  points  on  the  square  grid  lie  within  the 
boundaries  of  the  original  polar  grid.  This  avoids  the  requirement  to  extrapolate  for 
data  points  on  the  square  grid  that  would  lie  outside  of  the  original  polar  grid.  The 
slightly  reduced  size  of  the  square  grid  should  have  little  effects  on  the  resolution 
capabilities  of  the  2-D  TLS-Prony  Technique.  As  before,  the  unambiguous  range 
for  this  scenario  is  1.7637  meters  in  each  direction,  and  this  entire  range  is  shown 
in  the  figures  which  follow. 

Figures  88  through  101  show  the  results  for  the  square  grid  data.  As  for  the 
polar  data  based  plots,  shown  for  each  center  angle  are  three  contour  images  of  the 
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plate,  each  image  corresponding  to  one  of  the  three  polarizations,  found  by  directly 
using  the  square  grid  data  in  the  2-D  IFFT.  Also  shown  are  three  sets  of  estimated 
pole  locations,  each  set  corresponding  to  one  of  the  three  polarizations,  estimated 
by  Algorithm  Two  with  no  noise  added  to  the  original  data.  In  the  cases  where 
there  are  more  than  four  estimated  poles,  only  the  four  highest  energy  poles  are 
shown  in  these  plots.  Along  with  these  plots  contour  images  are  shown  which  were 
generated  from  all  of  the  estimated  parameters  (not  just  the  four  highest  energy 
poles).  For  each  plot,  the  entire  unambiguous  range  is  shown.  As  stated  before,  all 
of  the  contour  images  shown,  in  general,  are  on  different  magnitude  scales.  The  REs 
for  the  square  grid  examples  are  given  in  Table  11. 

Since  the  square  grid  data  is  in  the  form  required  by  the  2-D  TLS-Prony  Tech¬ 
nique,  the  model  orders  are  chosen  to  reflect  the  expected  number  of  scattering 
centers  for  the  corner  dominated  scenarios,  and  slightly  larger  model  orders  are 
used  for  edge  dominated  scenarios.  Thus,  for  the  corner  dominated  scenarios, 
model  orders  of  Q,  K,R,L  =  10, 4, 10, 1  are  used;  and  for  edge  dominated  scenarios, 
Q,  K,R,L  =  10, 4, 10, 2  and  Q,  K,R,L  =  10, 2, 10, 2  are  used. 

Figures  88  through  101  show  the  results  for  the  square  grid  data.  Comparing 
these  results  with  the  results  for  the  15°  polar  grid  data,  the  original  data  images 
for  the  square  grid  data  are  of  slightly  different  form  than  the  corresponding  images 
for  the  15°  polar  grid  data.  The  images  for  the  square  grid  data  are  considered  more 
representative  since  the  2-D  IFFT  requires  data  on  a  square  grid,  not  a  polar  grid. 
Also,  the  estimated  pole  locations  are,  in  general,  closer  to  the  corners  of  the  plate 
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Figure  88:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  0°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  Au-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,2,10,2. 
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Figure  89:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  0°  and  7.5°.  Contour  images,  estimated  pole  locations 
and  model  generated  contour  images  of  the  plate  are  shown  for  uu-polarization  at 
0°  and  hh  polarization  at  7.5°.  Pole  locations  were  estimated  by  Algorithm  Two. 
Model  orders  were  Q,  K,R,L=  10,2,10,2  for  0°  and  Q,  K,R,L  =  10,4,10,2  for  7.5°. 
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Figure  90:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  7.5°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  w-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q,K,RfL  =  10,4,10,2. 
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Contour  image  at  15  degrees  for  hh-polanzaticn 
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Figure  91:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  15°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  /w-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Estimated  pole  locations  at  15  degrees  far  vv -polarization 
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Figure  92:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15°  po¬ 
lar)  of  data  centered  around  15°  and  30°.  Contour  images,  estimated  pole  locations 
and  model  generated  contour  images  of  the  plate  are  shown  for  tw-polarization  at 
15°  and  hh  polarization  at  30°.  Pole  locations  were  estimated  by  Algorithm  Two. 
Model  orders  were  Q,K,R,L  =  10,4,10,1  for  15°  and  30°. 
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Figure  93:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  30°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  hv-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Figure  94:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  45°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  vv-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Figure  95:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15°  po¬ 
lar)  of  data  centered  around  45°  and  60°.  Contour  images,  estimated  pole  locations 
and  model  generated  contour  images  of  the  plate  are  shown  for  fu-polarization  at 
45°  and  hh  polarization  at  60°.  Pole  locations  were  estimated  by  Algorithm  Two. 
Model  orders  were  Q ,  K,R,L=  10,4,10,1  for  45°  and  60°. 
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Figure  96:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  60°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  t/v-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Contour  image  at  75  degree*  far  hh-poianzab<xt 
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Figure  97:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  75°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  /iv-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Contour  image  at  75  degree*  for  'rv-potanzabcm 
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Figure  98:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15°  po¬ 
lar)  of  data  centered  around  75°  and  82.5°.  Contour  images,  estimated  pole  locations 
and  model  generated  contour  images  of  the  plate  are  shown  for  vv-polarization  at 
75°  and  hh  polarization  at  82.5°.  Pole  locations  were  estimated  by  Algorithm  Two. 
Model  orders  were  Q,K,R,L  =  10,4,10,1  for  75°  and  Q,K,R,L  =  10,4,10,2  for 
82.5°. 
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Figure  99:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  82.5°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  hv-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q ,  K,R,L  =  10,4,10,2. 
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Contour  image  at  90  degrees  for  hh-polanzatico 
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Figure  100:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  90°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  hh  and  /iv-polarizations.  Pole  locations  were 
estimated  by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,2,10,2. 


204 


Contour  image  at  90  degrees  for  w-polsruaUan 
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Figure  101:  Single  polarization  inclined  plate  example  for  a  square  grid  (from  15° 
polar)  of  data  centered  around  90°.  Contour  images,  estimated  pole  locations  and 
model  generated  images  are  shown  for  w-polarization.  Pole  locations  were  estimated 
by  Algorithm  Two.  Model  orders  were  Q,  K,R,L=  10,2,10,2. 
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Table  11:  Model  orders  and  relative  errors  for  single  polarization  results  for  the 
scattering  from  an  inclined  plate.  The  data  lies  on  a  square  grid  (from  15°  polar 
swath). 


Angle 

Model  Order;  Q,  K,  R,  L 

RE  (hh) 

RE  (hv) 

RE  (vv) 

0 

10,2,10,2 

0.9722 

0.5494 

0.9722 

7.5 

10,4,10,2 

0.7381 

0.3531 

0.7189 

15 

10,4,10,1 

0.3805 

0.3204 

0.3593 

30 

10,4,10,1 

0.3452 

0.3206 

0.3217 

45 

10,4,10,1 

0.3147 

0.3286 

0.3620 

60 

10,4,10,1 

0.3163 

0.3164 

0.3308 

75 

10,4,10,1 

0.3091 

0.3219 

0.3210 

82.5 

10,4,10,2 

0.6126 

0.7008 

0.6794 

90 

10,2,10,2 

0.9084 

0.9090 

0.9130 

than  the  corresponding  estimated  pole  locations  for  the  15°  polar  grid  data. 

As  before,  noise  was  added  to  the  data,  and  the  RE  versus  total  SNR  is  shown  in 
Figure  102.  As  with  the  polar  data  scenarios,  the  REs  (and  the  parameter  estimates) 
are  not  very  dependent  upon  SNR  for  SNRs  over  10  dB. 

From  the  results  in  Table  11  it  can  be  seen  that  interpolating  the  data  to  a 
square  grid,  in  general,  reduces  the  RE.  Part  of  the  remaining  RE  can  be  attributed 
to  interpolation  error  while  other  factors  which  add  to  the  RE  include  estimation 
error  and  modeling  error  as  discussed  in  Chapter  III.  An  alternate  interpolation 
method,  given  in  Equation  4.26,  was  implemented  on  several  of  the  scenarios,  with 
no  significant  change  in  results.  The  2-D  TLS-Prony  Technique  was  developed 
assuming  the  data  lies  on  a  rectangular  grid.  Thus,  it  is  appropriate  to  interpolate 
polar  data  to  a  rectangular  grid  before  applying  the  2-D  TLS  Prony  Technique.  If 
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MSE  vcrcua  total  SNR  fee  phi=0  degree*,  hh-polanzaUcci  And  K,L=2,2 


MSE  venui  total  SNR  for  piu=45  degree*,  hh-polaruaUan  sod  KX=4.1 


MSE  vemi*  total  SNR  for  ph>=0  degree*,  hv -polarization  tod  KX=2,2  MSE  venui  total  SNR  for  phi=45  degree*,  hv-polanzation  and  K,L=4,I 


MSE  vernu  total  SNR  for  phi=0  degree*,  w-polanzation  and  K,L=2,2 


MSE  vereu*  total  SNR  for  phi=45  degree*,  w-polaruation  and  Ki=4,l 


Figure  102:  RE  versus  SNR  for  noise  added  to  the  GTD  data  of  the  plate.  All  three 
polarizations  are  shown  for  0  =  0°  and  0  =  45°.  The  model  orders  were  Q,  K,  R ,  L 
=  10,2,10,2  for  the  0  =  0°  plots  and  Q,K,R,L  =  10,4,10,1  for  the  0  =  45°  plots. 
The  ‘o’  at  50  dB  in  each  plot  is  the  RE  for  no  noise  added  to  the  data  for  that 
scenario.  The  data  lies  on  a  square  grid  interpolated  from  a  15°  swath  of  polar  data. 
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the  angular  swath  of  the  polar  data  is  small,  this  step  may  not  be  necessary,  and 
interpolation  error  can  be  avoided.  The  next  data  set,  analyzed  in  Section  6.3.4, 
confirms  this  assumption  for  a  3°  swath  of  polar  data. 

6.3.4  Single  Polarization  Analysis  of  Three  Degree  Polar 
Swaths  of  Data 

In  order  to  determine  if  the  angular  extent  of  the  data  set  has  a  significant  effect 
on  the  RE  and  the  parameter  estimates,  a  new  data  set  was  generated.  This  data 
set  is  also  31  x  31,  but  the  angular  extent  is  only  3°  with  samples  every  0.1°,  while 
the  frequency  range  is  from  9.0  GHz  to  9.48  GHz  in  0.016  GHz  steps.  Figures  103 
through  116  show  the  simulation  results  for  this  scenario.  Shown  for  each  angle 
are  three  contour  images  of  the  plate,  each  image  corresponding  to  one  of  the  three 
polarizations,  found  by  directly  using  the  polar  data  in  the  2-D IFFT.  Also  shown  are 
three  sets  of  pole  locations,  each  set  corresponding  to  one  of  the  three  polarizations, 
estimated  by  Algorithm  Two  with  no  noise  added  to  the  original  data.  In  the  cases 
where  there  are  more  than  four  poles,  only  the  four  highest  energy  poles  are  shown  in 
these  plots.  Along  with  these  plots  contour  images  are  shown  which  were  generated 
from  all  of  the  estimated  parameters  (not  just  the  four  highest  energy  poles).  The 
parameters  estimated  by  Algorithm  Two  are  used  in  the  2-D  model  in  Equation  5.2 
to  generate  data  in  the  2-D  frequency  domain.  The  unambiguous  range,  Ru,  is  9.3684 
meters  in  each  direction  for  this  data  set.  Only  one-fifth  of  this  range  is  shown  in 
each  direction  in  the  figures  which  follow.  The  model  orders  were  chosen  to  reflect 
the  expected  number  of  scattering  centers  on  the  plate  for  the  corner  dominated 
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scenarios  for  the  given  center  angle,  and  in  the  edge  scenario  cases,  the  model  orders 
were  chosen  slightly  larger  than  the  expected  number  of  scattering  centers  to  allow 
the  2-D  TLS-Prony  Technique  to  more  accurately  model  the  data. 

Examining  Figures  103  through  116,  it  can  be  seen  that  the  resolution  of  the 
contour  images  is  lower  than  it  was  for  the  15°  polar  swaths  of  data.  This  is  due 
to  the  smaller  2-D  angular  and  frequency  bandwidths  on  the  2-D  frequency  plane 
for  the  3°  polar  swaths  of  data.  Even  with  this  lower  resolution  data,  the  estimated 
pole  locations  are  still,  in  general,  located  on  the  scattering  centers  (corners  and 
edges)  of  the  plate.  These  examples  demonstrate  the  resolution  capabilities  of  the 
2-D  TLS-Prony  Technique.  For  many  of  the  contour  images,  the  locations  of  the 
peaks  are  not  directly  on  the  corners  of  the  plate,  but  the  estimated  pole  locations 
lie  on  the  corners. 

For  the  <f>  =  0°  case,  shown  in  Figures  103  and  104,  the  distance  (in  the  down- 
range  direction)  between  the  front  edge  and  the  rear  edge  is  1.1493  Fourier  Bins.  For 
the  (f>  =  45°  case,  shown  in  Figures  109  and  110,  the  down-range  distance  between 
corners  C2  and  C4  is  0.3574  Fourier  Bins,  and  thus  the  2-D  TLS-Prony  Technique 
is  superresolving  these  scattering  centers  in  the  down-range  direction  (x-direction). 

As  before,  noise  was  added  to  the  data,  and  the  RE  versus  total  SNR  results  are 
shown  in  Figures  117  and  118.  From  Figure  117,  it  can  be  seen  that  for  0  =  0°  the 
REs  are  not  very  dependent  on  SNR  for  SNRs  over  20  dB.  However,  the  REs  for 
< f f>  =  45°  are  dependent  on  SNR  for  SNRs  up  to  and  over  50  dB.  This  is  understand¬ 
able  since  the  2-D  TLS  Prony  technique  is  superresolving  two  of  the  down-range 
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Figure  103:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  0°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  tor  hh  and  /iu-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q ,  K,R,L  =  10,2,10,2. 
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Figure  104:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  0°  and  7.5°.  Contour  images,  estimated  pole  locations  and  model 
generated  contour  images  of  the  plate  are  shown  for  vv  polarization  at  0°  and 
h/i-polarization  at  7.5°.  Pole  locations  were  estimated  by  Algorithm  Two.  Model 
orders  were  Q,  K,R,L  =  10,2,10,2  for  0°  and  Q,  K,R,L  =  10,4,10,2  for  7.5°. 
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Contour  image  at  7.5  degree*  for  hv-poiartzattan 
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Figure  105:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  7.5°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  tw-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,  K,R,L  =  10,4,10,2. 
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Figure  106:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  15°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  hv-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Figure  107:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  15°  and  30°.  Contour  images,  estimated  pole  locations  and  model 
generated  contour  images  of  the  plate  are  shown  for  vv  polarization  at  15°  and 
/i/i-polarization  at  30°.  Pole  locations  were  estimated  by  Algorithm  Two.  Model 
orders  were  Q,K,R,L  =  10,4,10,1  for  15°  and  30°. 
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Figure  111:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  60°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  uv-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,1. 
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Figure  112:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  75°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  hu-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q ,  K,R,L  =  10,4,10,1. 
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Figure  114:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  82.5°.  Contour  images,  estimated  pole  locations  and  model  gener¬ 
ated  images  are  shown  for  hh  and  hu-polarizations.  Pole  locations  were  estimated 
by  Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,4,10,2. 
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Figure  115:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  90°.  Contour  images,  estimated  pole  locations  and  model  generated 
images  are  shown  for  hh  and  fat-polarizations.  Pole  locations  were  estimated  by 
Algorithm  Two.  Model  orders  were  Q,K,R,L  =  10,2,10,2. 
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Figure  116:  Single  polarization  inclined  plate  example  for  a  3°  polar  swath  of  data 
centered  around  90°.  Contour  images,  estimated  pole  locations  and  model  gener¬ 
ated  images  are  shown  for  un-polarization.  Pole  locations  were  estimated  by  Algo¬ 
rithm  Two.  Model  orders  were  Q,K,R,L  =  10,2,10,2. 
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Figure  117:  RE  versus  SNR  for  noise  added  to  the  GTD  data  of  the  plate.  All  three 
polarizations  are  shown  for  0  =  0°  and  0  =  45°.  The  model  orders  are  Q,  K,R,L  = 
10,2,10,2  for  the  0  =  0°  plots  and  Q ,  K,R,L=  10,4,10,1  for  the  0  =  45°  plots.  The 
‘o’  at  50  dB  in  each  plot  is  the  RE  for  no  noise  added  to  the  data  for  that  scenario. 
The  data  is  a  3°  swath  of  polar  data. 
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Figure  118:  RE  versus  SNR  for  noise  added  to  the  GTD  data  of  the  plate.  All  three 
polarizations  are  shown  for  <j)  =  30°.  The  model  orders  were  Q ,  K,R,L  =  10,4,10,1. 
The  ‘o’  at  50  dB  in  each  plot  is  the  RE  for  no  noise  added  to  the  data  for  that 
scenario.  The  data  is  a  3°  swath  of  polar  data. 
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Table  12:  Model  orders  and  relative  errors  for  single  polarization  results  for  the 
scattering  from  an  inclined  plate.  The  data  is  a  3°  polar  swath. 


Angle 

Model  Order;  Q,K,R,L 

RE  (hh) 

RE  (hv) 

RE  (vv) 

0 

10,2,10,2 

0.0214 

0.0192 

0.0216 

IBB 

10,4,10,2 

0.1016 

0.0463 

0.0955 

15 

10,4,10,1 

0.0466 

0.0470 

0.0506 

30 

10,4,10,1 

0.0450 

0.0370 

0.0366 

45 

10,4,10,1 

0.0273 

0.0834 

0.0421 

60 

10,4,10,1 

0.1251 

0.0965 

0.0911 

75 

10,4,10,1 

0.0553 

0.0559 

0.0503 

82.5 

10,4,10,2 

0.0552 

0.0485 

0.0509 

90 

10,2,10,2 

0.0417 

0.0438 

0.1085 

corners  (C2  and  C4).  As  stated  before,  the  parameter  estimates  associated  with 
parametric  techniques  which  are  superresolving  modes  are,  in  general,  sensitive  to 
noise  [10].  Thus,  for  the  2-D  TLS-Prony  Technique,  for  a  fixed  data  set  size  (31x31 
in  this  case),  as  the  angular  and  frequency  bandwidths  are  decreased  (and  subse¬ 
quently  the  samples  on  the  2-D  frequency  plane  become  closer),  the  effects  of  noise 
become  more  detrimental  to  the  ability  of  the  algorithm  to  accurately  model  the 
data.  Figure  118  shows  the  RE  versus  total  SNR  results  for  </>  =  30°.  As  with  the 
4>  =  45°  results,  these  results  show  that  the  RE  is  more  sensitive  to  SNR  than  it  was 
for  the  data  taken  over  a  larger  angular  swath. 

In  order  to  show  how  the  scattering  center  locations  are  affected  by  noise,  several 
scatter  plots  are  shown  in  Figure  119.  These  plots  correspond  to  the  scenario  for 
hh- polarization  and  (f>  =  45°.  Ten  overlaid  realizations  are  shown  for  each  plot. 
The  pole  locations  estimated  from  the  noise  corrupted  GTD  data  are  designated  by 
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‘+’s  while  the  pole  locations  estimated  directly  from  the  GTD  data  are  designated 
by  ‘o’s.  Six  plots  are  shown,  each  for  a  specific  SNR  between  0  and  50  dB.  From 
these  plots,  it  can  be  seen  that  the  location  of  the  corner  with  the  largest  scattering 
return,  which  is  the  left-most  corner  in  the  plots  (C4),  is  accurately  estimated  for 
total  SNRs  as  low  as  20  dB.  As  the  SNR  decreases,  the  locations  of  the  other  corners 
are  not  estimated  as  accurately.  Note  that  the  model  orders  chosen  for  this  example 
were  Q,  K,  R,  £=10,4,10,1.  These  model  orders  were  chosen  to  reflect  the  expected 
number  of  scattering  centers.  The  plots  corresponding  to  total  SNRs  of  20  and  30 
dB  show  that  the  locations  of  corners  Cl  and  C2  are  not  estimated  at  all.  This  is 
probably  due  to  the  closeness  of  corner  C2  to  corner  C4  in  down-range  and  corner 
Cl  to  corner  C3  in  cross-range. 

This  estimation  inaccuracy  can  be  corrected  for  by  choosing  a  larger  model  order 
and  retaining  the  four  highest  energy  poles.  This  is  done,  and  the  results  are  shown 
in  Figure  120.  The  model  orders  for  these  plots  are  Q,  K,  R,  L~  10,4, 10,2.  Only 
the  four  highest  energy  poles  are  shown  in  these  plots.  From  these  plots,  it  can  be 
seen  that  the  locations  of  corners  Cl  and  C2  are  now  estimated  by  Algorithm  Two, 
but  these  locations  are  not  directly  on  the  corners.  There  is  some  bias  present  in 
their  estimated  locations  possibly  due  to  the  scattering  from  the  other  two  dominant 
corners  (C3  and  C4)  on  the  plate.  However,  this  example  shows  that  it  is  appropriate 
to  overmodel  the  number  of  scattering  centers  when  noise  is  added  to  data  when  the 
data  set  chosen  requires  superresolution  to  estimate  the  locations  of  the  scattering 
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Figure  119:  Estimated  pole  locations  for  noise  corrupted  GTD  data.  The  GTD  data 
is  a  3°  polar  swath  with  /i/i-polarization  centered  around  <t>  =  45°.  Each  plot  contains 
ten  overlaid  realizations,  where  the  estimated  pole  locations  for  the  noise  corrupted 
GTD  data  are  designated  by  ‘+’s  and  the  pole  locations  estimated  directly  from  the 
GTD  data  are  designated  by  ‘o’s.  The  model  orders  were  Q,  K,R,L=  10,4,10,1  for 
all  of  the  plots. 
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Figure  120:  Estimated  pole  locations  for  noise  corrupted  GTD  data.  The  GTD 
data  is  a  3°  polar  swath  with  /i/i-polarization  centered  around  4>  =  45°.  Each  plot 
contains  ten  overlaid  realizations,  where  the  four  highest  energy  pole  locations  for 
each  realization  for  the  noise  corrupted  GTD  data  are  designated  by  ‘+’s  and  the 
pole  locations  estimated  directly  from  the  GTD  data  are  designated  by  ‘o’s.  The 
model  orders  were  Q,  K,R,L  =  10,4,10,2  for  all  of  the  plots. 
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From  the  REs  in  Table  12  it  can  be  concluded  that  the  2-D  damped  exponential 
better  models  the  polar  data,  with  no  noise  added,  for  data  taken  over  smaller 
angular  swaths.  Even  with  noise  added  to  the  data,  for  SNRs  over  20  dB,  the  REs 
corresponding  to  the  3°  angular  swath  data  are  lower  than  the  REs  corresponding  to 
the  15°  polar  swath  data  with  no  noise  added.  From  Figures  103  through  116  it  can 
be  seen  that  the  resolution  of  the  images  for  a  3°  polar  swath  is  less  than  it  was  for 
the  data  corresponding  to  a  15°  polar  swath.  However,  the  estimated  pole  locations 
are,  in  general,  located  on  the  scattering  centers  of  the  plate.  This  demonstrates  the 
superresolution  capabilities  of  the  2-D  TLS-Prony  Technique.  This  is  very  useful 
since  the  bandwidth  and  angular  requirements  of  a  SAR  are  reduced  when  utilizing 
the  2-D  TLS-Prony  Technique.  The  angular  swath  of  3°  and  frequency  bandwidth 
of  480  MHz  are  reasonable  numbers  for  SARs  available  today.  Also,  the  lower  REs 
confirm  the  damped  exponential  as  a  valid  model  for  corners  away  from  grazing 
angles  (see  Chapter  III). 

Several  of  the  3°  polar  swaths  of  data  were  interpolated  onto  a  rectangular  grid 
and  Algorithm  Two  was  applied  to  the  data  (these  simulations  are  not  shown  here). 
In  each  case,  the  RE  was  greater  than  the  REs  in  Table  12.  This  larger  RE  is  most 
probably  due  to  interpolation  error.  A  drawback  to  gathering  data  over  a  smaller 
angular  and  frequency  bandwidth  is  that  the  parameters  estimated  from  this  data 
are  more  sensitive  to  noise,  as  is  demonstrated  in  Figures  117  and  119,  than  when 
parameters  are  estimated  from  data  gathered  over  larger  angular  and  frequency 
bandwidths.  This  same  characteristic  is  seen  in  the  full-polarization  simulations 
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which  follow. 

6.4  Full-Polarization  Analysis  of  Plate 

The  full-polarization  data  set  is  now  used  in  FPA2  to  better  estimate  the  scattering 
center  locations  and  to  examine  the  polarimetric  properties  of  the  scattering  centers 
on  the  inclined  flat  plate.  As  in  the  single-polarization  case,  severed  data  sets  are 
analyzed.  First,  15°  polar  sections  of  the  data  are  analyzed.  Note  that  as  the  angle 
of  incidence  changes,  the  incident  polarization  changes.  Over  15°  this  may  be  a 
factor.  This  data  is  then  interpolated  onto  a  square  grid  and  the  full-polarization 
data  is  analyzed.  Finally,  3°  polar  sections  of  the  data  are  analyzed. 

The  polarimetric  characteristics  of  the  scattering  centers  are  represented  by  po¬ 
larization  ellipses  calculated  from  the  pole  and  amplitude  coefficient  estimates  as 
discussed  in  Chapter  V.  The  plotting  of  the  ellipses  on  the  image  plane  requires 
a  quantity  called  the  ellipse  factor.  The  units  of  the  amplitude  coefficients  (which 
have  the  same  units  of  the  scattering  coefficients,  which  are  the  data)  are  in  meters. 
This  is  a  result  of  the  definition  of  the  scattering  matrix  given  in  Equation  2.19. 
Since  the  coordinates  of  the  image  plane  are  in  meters,  it  is  appropriate  to  place 
the  ellipses  directly  on  these  plots.  However,  due  to  the  small  magnitude  of  the 
scattering  coefficients  (nominally  around  10-3  meters),  the  size  of  the  ellipses  must 
be  scaled-up  in  order  to  view  them  on  these  plots.  Thus,  the  ellipse  factor  is  the 
dimensionless  ratio  between  the  size  of  the  ellipses  as  viewed  on  the  plots  which 
follow  to  the  actual  size  of  the  ellipses. 

Note  that  in  Section  3.4  it  was  stated  that  separating  the  angular  dependence 
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from  the  scattering  matrix  was  a  poor  assumption  for  canonical  scattering  centers 
such  as  the  corner  and  the  edge.  The  angular  scattering  response  for  the  corner  and 
the  edge  does  vary  with  polarization,  but  the  impulsive  and  constant  behaviors  do 
occur  at  the  same  aspect  angles  for  the  various  polarizations.  The  full-polarization 
model  in  Equation  5.54  is  still  an  accurate  representation  to  the  full-polarization 
scattering  response  of  a  corner  or  an  edge  since  each  polarization  has  an  amplitude 
coefficient  associated  with  it.  Only  the  poles,  which  determine  the  scattering  center 
locations,  are  estimated  from  multiple  polarization  data,  and  each  set  of  amplitude 
coefficients  is  determined  from  the  data  set  with  the  polarization  corresponding  to 
that  amplitude  coefficient.  Thus,  the  full-polarization  version  of  the  2-D  TLS-Prony 
Technique  is  a  valid  full-polarization  model  for  the  scattering  from  "anonical  scat¬ 
tering  centers  such  as  the  corner  and  edge,  and  using  the  full-polarization  data 
simultaneously  to  determine  the  scattering  center  locations  and  polarimetric  char¬ 
acteristics  is  valid,  as  demonstrated  in  this  section. 

6.4.1  Full-Polarization  Analysis  of  Fifteen  Degree  Polar 
Swaths  of  Data 

First,  nine  15°  polar  swaths  data  are  analyzed  using  FPA2.  As  in  the  single  polar¬ 
ization  analysis  for  the  15°  polar  swaths  of  data  the  polar  data  is  used  directly  by 
FPA2.  The  results  are  shown  in  Figures  121  through  123.  The  model  orders  chosen 
reflect  the  expected  number  of  scattering  centers  on  the  plate  for  the  corner  domi¬ 
nated  scenarios  and  for  the  edge  dominated  scenarios,  the  model  orders  are  chosen 
slightly  larger  than  the  expected  number  of  scattering  centers.  The  model  orders 
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Figure  121:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  15°  polar  swath  of  centered 
around  (a)  0°,  (b)  7.5°,  (c)  15°  and  (d)  30°.  The  model  orders  used  are  given  in 
Table  13. 
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Figure  122:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  15°  polar  swath  centered 
around  (a)  45°,  (b)  60°,  (c)  75°  and  (d)  82.5°.  The  model  orders  used  are  given  in 
Table  13. 
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Figure  123:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  15°  polar  swath  centered 
around  90°.  The  model  orders  used  are  given  in  Table  13. 


used  and  the  relative  errors  (REs)  for  the  FPA2  generated  estimates  are  given  in 
Table  13.  The  RE  for  the  full-polarization  case  is  defined  as 


||  [  D\  D'v]-[  Dh  Dv  ]  || 
II  [Dk  Dv]  || 


(6.3) 


where  [  D'h  D'v  ]  is  the  data  matrix  generated  by  the  parameter  estimates  and 
[  Dh  Dv  ]  is  the  actual  data  matrix.  As  with  the  single  polarization  cases,  noise 
was  added  to  two  full-polarization  scenarios  and  the  results  are  shown  in  Figure  124. 
From  this  figure,  it  can  be  seen  that  for  a  15°  polar  swath  of  data,  the  REs  (and  the 
parameter  estimates)  are  relatively  constant  for  total  SNRs  over  10  dB. 

In  examining  the  figures,  the  locations  where  the  ellipses  are  centered  are  the  pole 
locations.  In  general,  the  poles  are  located  on  the  scattering  centers  of  the  plate,  as 
expected.  The  pole  locations  in  the  full-polarization  cases,  are,  in  general,  located 
on  the  scattering  centers  more  frequently  than  in  the  single  polarization  cases.  In 
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Figure  124:  RE  versus  SNR  for  noise  added  to  the  GTD  data  of  the  plate.  Full 
polarization  results  are  shown  for  0  =  0°  and  <j>  =  45°.  The  model  orders  are 
Q ,  K,R,L  =  10,2,10,2  for  the  <j>  =  0°  plot  and  Q ,  K,R,L=  10,4,10,1  for  the  (j)  =  45° 
plot.  The  ‘o’  at  50  dB  in  each  plot  is  the  RE  for  no  noise  added  to  the  data  for  that 
scenario.  The  data  is  a  15°  swath  of  polar  data. 


the  single  polarization  examples,  there  are  many  cases  where  there  are  extraneous 
poles  not  associated  with  any  scattering  centers.  This  is  due  to  low  (or  zero)  energy 
scattering  centers  which  exist  for  some  of  the  single  polarization  data  sets.  When 
all  of  the  full-polarization  data  is  used  simultaneously  to  estimate  the  poles,  one  of 
the  polarizations  may  have  no  energy  associated  with  a  scattering  center,  but  the 
other  polarization,  in  general,  does.  Thus,  using  all  of  the  full-polarization  data 
simultaneously  to  estimate  the  poles  allow  for  more  accurate  parameter  estimates. 

The  ellipses  show  the  polarimetric  characteristics  of  the  scattering  centers  on  the 
plate  as  viewed  from  the  radar.  The  polarimetric  characteristics  of  each  scattering 
center  are  directly  related  to  the  polarization  of  the  electric  field  scattered  from 
that  scattering  center  [43].  For  example,  consider  Figure  121(d),  which  shows  the 
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Table  13:  Model  orders  and  relative  errors  for  full-polarization  results  for  the  scat¬ 
tering  from  an  inclined  plate.  The  data  is  a  15°  angular  swath  of  polar  data. 


Angle 

Model  Order,  Q,  K ,  R,  L 

RE/p 

0 

10,2,10,2 

0.9820 

\mm 

10,4,10,2 

0.7469 

15 

10,4,10,1 

0.5970 

30 

10,4,10,1 

0.6170 

45 

10,4,10,1 

0.5827 

60 

10,4,10,1 

0.6604 

75 

10,4,10,1 

0.4516 

82.5 

10,4,10,2 

0.6418 

90 

10,2,10,2 

0.9225 

response  at  (f)  =  30°.  The  response  of  the  left-most  corner  of  the  plate,  which  is  corner 
C4,  is  horizontally  dominated.  This  corresponds  with  Figures  67  and  68,  which 
contain  the  single  polarization  responses  of  the  plate  for  (j)  —  30°.  The  images  for 
vv  and  /iu-polarizations  show  little  or  no  response  for  C4,  while  the  /ih-polarization 
response  shows  a  large  response  for  C4. 

The  ellipses  associated  with  some  of  the  corners  correspond  to  a  polarization 
that  is  nearly  linear  (linear  implies  that  the  ellipse  has  collapsed  to  a  line)  which  is 
aligned  with  one  of  the  edges  that  defines  the  corner.  For  example,  consider  corner 
C2  (upper  right  corner)  for  <t>  =  30°  shown  in  Figure  121(d).  The  polarization  ellipse 
associated  with  this  corner  is  nearly  linear  and  is  aligned  with  the  edge  defined  from 
corner  C2  to  corner  C3.  This  same  phenomena  is  seen  for  several  other  corners  in 
the  plots. 


The  ellipses  on  the  leading  edge  of  the  plate  for  4>  =  90°  are  shown  in  Figure  123. 
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The  polarimetric  characteristics  of  the  leading  edge  of  the  plate  in  this  scenario  is 
that  of  linear  polarization  tilted  at  approximately  45°.  This  correlates  well  with 
the  physical  situation.  At  this  aspect  angle,  the  plate  is  viewed  as  an  edge  tilted 
at  approximately  45°.  Electromagnetically,  the  front  edge  of  this  type  of  structure 
supports  a  linear  scattered  field  with  this  polarization  [49]. 

6.4.2  Full-Polarization  Analysis  of  Fifteen  Degree  Polar 
Swaths  of  Data  with  Higher  Model  Orders 

Next,  the  same  nine  15°  polar  swaths  of  the  data  are  analyzed  using  FPA2.  The 
model  orders  were  chosen  to  be  larger  to  determine  their  effect  on  the  REs  and  the 
ellipse  locations  and  form.  The  results  are  shown  in  Figures  125  through  127.  In 
these  figures,  only  the  six  highest  energy  pole  locations  are  shown  in  each  case. 

The  model  orders  used  and  the  relative  error  for  the  FPA2  generated  estimates 
are  given  in  Table  14.  The  REs  were  determined  from  all  of  the  parameters  estimated 
by  FPA2  (not  just  the  six  highest  energy  modes).  As  in  the  single  polarization  cases, 
the  REs  are  lower  when  the  larger  model  orders  are  chosen. 

For  the  corner  dominated  scenarios  (15°  <  0  <  75°),  the  predominant  scattering 
ellipses  are,  in  general,  the  same  as  the  ellipses  for  the  lower  model  orders.  The  re¬ 
maining  two  ellipses  for  each  angle  are  smaller  in  size  than  the  predominant  ellipses, 
and  usually  placed  near  one  of  the  corners.  For  the  edge  dominated  scenarios,  the 
additional  ellipses  help  the  2-D  TLS-Prony  Technique  more  completely  model  the 
data. 

As  with  the  single  polarization  cases,  noise  was  added  to  two  full-polarization 
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Figure  125:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  15°  polar  swath  centered 
around  (a)  0°,  (b)  7.5°,  (c)  15°  and  (d)  30°.  The  model  orders  used  are  given  in 
Table  14. 
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Figure  126:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  15°  polar  swath  centered 
around  (a)  45°,  (b)  60°,  (c)  75°  and  (d)  82.5°.  The  model  orders  used  are  given  in 
Table  14. 
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Figure  127:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  15°  polar  swath  centered 
around  90°.  The  model  orders  used  are  given  in  Table  14. 


scenarios  and  the  results  are  shown  in  Figure  128.  From  this  figure,  it  can  be  seen 
that  for  a  15°  polar  swath  of  data  with  larger  model  orders,  the  REs  (and  the 
parameter  estimates)  are  slightly  more  sensitive  to  total  SNR  than  they  are  for  the 
scenarios  depicted  in  Figure  124. 

6.4.3  Full-Polarization  Analysis  of  Square  Grids  of  Data 
Interpolated  from  Fifteen  Degree  Polar  Swaths  of 
Data 

Next,  the  15°  polar  swaths  of  data  are  interpolated  onto  a  square  grid  as  in  the  single 
polarization  case.  The  29  x  29  data  set  on  the  square  grid  is  analyzed  using  FPA2. 
The  results  are  shown  in  Figures  129  through  131.  The  effects  of  interpolating  the 
polar  data  onto  a  square  grid  on  the  polarization  ellipses  is  examined  here. 

The  model  orders  chosen  reflect  the  expected  number  of  scattering  centers  on 
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Figure  128:  RE  versus  SNR  for  noise  added  to  the  GTD  data  of  the  plate.  Full 
polarization  results  are  shown  for  <j>  =  0°  and  4>  =  45°.  The  model  orders  are 
Q,  K,R,L  =  10,4,10,4  for  the  0  =  0°  plot  and  Q,  K,R,L=  10,6,10,4  for  the  =  45° 
plot.  The  ‘o’  at  50  dB  in  each  plot  is  the  RE  for  no  noise  added  to  the  data  for  that 
scenario.  The  data  is  a  15°  swath  of  polar  data. 


the  plate  for  the  corner  dominated  scenarios  and  for  the  edge  dominated  scenarios, 
the  model  orders  are  chosen  slightly  larger  than  the  expected  number  of  scattering 
centers.  The  relative  error  for  the  FPA2  generated  estimates  are  given  in  Table  15. 
The  RL's  in  Table  15  are  lower  than  the  REs  from  Table  13  as  expected.  The  pole 
locations  are,  in  general,  the  same  as  the  pole  locations  for  the  polar  data  examples. 
As  wit1,  the  single  polarization  cases,  noise  was  added  to  two  full-polarization  sce¬ 
narios  -<,nd  the  results  are  shown  in  Figure  132.  From  this  figure,  it  can  be  seen  that 
for  a  s  ,uare  grid  of  data  which  was  interpolated  from  a  15°  polar  swath  of  data, 
the  REs  (and  the  parameter  estimates)  are  relatively  constant  for  total  SNRs  over 
10  dB. 

The  polarization  ellipses  estimated  from  the  square  grid  data  are  nearly  identical 
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Figure  129:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  square  grid  interpolated  from 
a  15°  polar  swath  of  data  centered  around  (a)  0°,  (b)  7.5°,  (c)  15°  and  (d)  30°.  The 
model  orders  used  are  given  in  Table  15. 
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Figure  130:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  square  grid  interpolated  from 
a  15°  polar  swath  of  data  centered  around  (a)  45°,  (b)  60°,  (c)  75°  and  (d)  82.5°. 
The  model  orders  used  are  given  in  Table  15. 
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Table  14:  Model  orders  and  relative  errors  for  full-polarization  results  for  the  scat¬ 
tering  from  an  inclined  plate.  The  model  orders  for  these  examples  were  chosen 
higher  than  the  model  orders  in  Table  13.  The  data  is  a  15°  angular  swath  of  polar 
data. 


Angle 

Model  Order,  Q,K,R,L 

RE/p 

0 

10,4,10,4 

0.8247 

7.5 

10,6,10,4 

0.5926 

15 

10,6,10,4 

0.5083 

30 

10,6,10,4 

0.6072 

45 

10,6,10,4 

0.4703 

60 

10,6,10,4 

0.2332 

75 

10,6,10,4 

0.3247 

82.5 

10,6,10,4 

0.4185 

90 

10,4,10,4 

0.3814 

to  the  polarization  ellipses  found  by  using  the  polar  data  directly  in  FPA2.  The  REs 
for  the  square  grid  data  estimates  are  lower  than  the  REs  for  the  polar  grid  data. 
Thus,  even  though  the  REs  are  larger  when  the  polar  data  is  used  directly  in  FPA2, 
the  parameter  estimates  are  nearly  identical  to  the  parameter  estimates  obtained 
when  square  grid  data  is  used. 

6.4.4  Full-Polarization  Analysis  of  Three  Degree  Polar 
Swaths  of  Data 

Next,  nine  3°  polar  swaths  of  the  data  are  analyzed  using  FPA2.  The  results  are 
shown  in  Figures  133  through  135.  The  model  orders  chosen  reflect  the  expected 
number  of  scattering  centers  on  the  plate  for  the  corner  dominated  scenarios  and  for 
the  edge  dominated  scenarios,  the  model  orders  are  chosen  slightly  larger  than  the 
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ellip*e  fmctor=100  ph>  =  90  degrees 


Figure  131:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  square  grid  interpolated  from 
a  square  grid  of  data  interpolated  from  a  15°  polar  swath  of  data  centered  around 
90°.  The  model  orders  used  are  given  in  Table  15. 


expected  number  of  scattering  centers.  The  polarization  ellipses  for  these  3°  data 
sets  are  nearly  identical  to  the  polarization  ellipses  for  the  15°  polar  and  square 
data  sets.  Thus  the  polarimetric  characteristics  of  the  plate  are  well  estimated  (it  is 
assumed  since  the  estimates  are  nearly  identical  for  the  various  data  sets,  and  since 
they  correlate  to  the  known  physical  characteristics  of  the  plate,  that  the  estimates 
are  accurate)  for  the  various  2-D  angular  and  frequency  bandwidths. 

The  relative  errors  for  the  FPA2  generated  estimates  are  given  in  Table  16.  As 
with  the  single  polarization  cases,  noise  was  added  to  two  full-polarization  scenarios 
and  the  results  are  shown  in  Figure  136.  From  this  figure,  it  can  be  seen  that  for 
the  3°  polar  swath  of  data,  the  RE  for  the  (j>  =  0°  scenario  is  not  very  dependent 
upon  SNR  for  SNRs  over  15  dB.  However,  for  the  <fr  =  30°  and  <f>  =  45°  scenarios, 
the  REs  are  dependent  upon  SNR  for  SNRs  up  to  50  dB.  This  same  phenomena  was 
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Table  15:  Model  orders  and  relative  errors  for  full-polarization  results  for  the  scat¬ 
tering  from  an  inclined  plate.  The  data  lies  on  a  square  grid  and  was  interpolated 
from  a  15°  polar  swath  of  data. 


Angle 

Model  Order,  Q,K,R,L 

RE/p 

0 

10,2,10,2 

0.9719 

n 

10,4,10,2 

0.7102 

15 

10,4,10,1 

0.3517 

30 

10,4,10,1 

0.3326 

45 

10,4,10,1 

0.3282 

60 

10,4,10,1 

0.3133 

75 

10,4,10,1 

0.3218 

82.5 

10,4,10,2 

0.6766 

90 

10,2,10,2 

0.9105 

seen  in  the  single  polarization  case  as  depicted  in  Figures  117  and  118  and  is  due  to 
the  fact  that  FPA2  is  superresolving  scattering  centers. 

In  order  to  show  how  the  scattering  center  locations  and  polarimetric  charac¬ 
teristics  are  affected  by  noise,  several  ellipse  plots  are  shown  in  Figure  137.  These 
plots  correspond  to  the  scenario  for  full-polarization  and  4>  =  45°  with  model  or¬ 
ders  Q,  K,  R,  L= 10,4,10,1.  Ten  overlaid  realizations  are  shown  for  each  plot.  The 
ellipses  estimated  from  the  noise  corrupted  GTD  data  are  overlaid  on  one  another. 
Recall  that  the  estimated  scattering  center  location  is  located  at  the  center  of  the 
ellipse.  The  pole  locations  estimated  directly  from  the  GTD  data,  with  no  noise 
added,  are  designated  by  ‘o’s.  Six  plots  are  shown,  each  for  a  specific  SNR  between 
0  and  50  dB.  From  these  plots,  it  can  be  seen  that  the  polarimetric  characteristics 
and  the  locations  the  two  largest  scattering  centers  (corners  C2  and  C3)  are  well 
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MSE  versm  total  SNR  for  ptu=0  degree*.  fuJl-pol*hz*hco  *nd  K,L=2,2 


MSE  versus  toUl  SNR  fer  phj=45  degrees,  full-polanz*tM»  tod  KJL=4,1 


Figure  132:  RE  versus  SNR  for  noise  added  to  the  GTD  data  of  the  plate.  Full 
polarization  results  are  shown  for  <f>  =  0°  and  <j>  =  45°.  The  model  orders  were 
Q,  K,R,L=  10,2,10,2  for  the  <f>  =  0°  plot  and  Q,  K,R,L=  10,4,10,1  for  the  <j>  =  45° 
plot.  The  ‘o’  at  50  dB  in  each  plot  is  the  RE  for  no  noise  added  to  the  data  for  that 
scenario.  The  data  lies  on  a  square  grid  which  was  interpolated  from  a  15°  swath  of 
polar  data. 


estimated  for  SNRs  as  low  as  10  dB.  However,  the  other  two  corners  are  not  well 
estimated  below  40  dB.  As  in  the  single  polarization  case,  the  model  orders  are 
raised  to  Q ,  if,  R,  L=10,4,10,2  in  an  attempt  to  allow  FPA2  to  better  estimate  the 
four  scattering  centers.  The  results  are  shown  in  Figure  137.  These  plots  show 
ten  overlaid  realizations,  where  the  four  ellipses  that  correspond  to  the  four  highest 
energy  modes  are  shown.  As  can  be  seen  from  these  plots,  the  four  corners  are  well 
estimated  for  total  SNRs  as  low  as  20  dB.  Thus,  as  in  the  single  polarization  case, 
raising  the  model  order  allows  FPA2  to  better  estimate  the  scattering  centers. 

The  REs  in  Table  16  are  the  lowest  for  all  of  the  full- polarization  examples. 
As  with  the  single  polarization  examples,  the  smaller  angular  bandwidth  allows 
the  scattering  centers  to  be  more  accurately  modeled.  This  is  due  to  several  factors. 
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Figure  133:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  3°  polar  swath  centered 
around  (a)  0°,  (b)  7.5°,  (c)  15°  and  (d)  30°.  The  model  orders  used  are  given  in 
Table  16. 
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Figure  134:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  3°  polar  swath  centered 
around  (a)  45°,  (b)  60°,  (c)  75°  and  (d)  82.5°.  The  model  orders  used  are  given  in 
Table  16. 
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Figure  135:  Full  polarization  flat  plate  example.  Pole  locations  estimated  by  FPA2 
are  located  at  the  centers  of  the  ellipses.  The  data  is  a  3°  polar  swath  centered 
around  90°.  The  model  orders  used  are  given  in  Table  16. 

First,  over  larger  angular  bandwidths,  the  scattering  centers  appear  to  “move”  to  the 
2-D  TLS-Prony  algorithm  over  the  various  angular  cuts,  since  the  data  is  expected 
to  lie  on  a  rectangular  grid  but  was  actually  measured  on  a  polar  grid  in  the  2- 
D  frequency  plane.  Also,  when  the  data  is  interpolated  onto  a  square  grid,  the 
scattering  centers  no  longer  move,  but  interpolation  error  is  introduced.  When  the 
data  is  taken  over  a  smaller  angular  bandwidth,  the  movement  of  the  scattering 
centers  is  small  enough  to  keep  the  EE  small  and  there  is  no  need  to  interpolate  the 
data  to  a  square  grid.  However,  as  was  also  seen  in  the  single  polarization  examples, 
the  estimation  of  parameters  from  the  data  over  a  smaller  angular  and  frequency 
bandwidth  is  more  sensitive  to  noise. 

From  all  of  the  RE  versus  total  SNR  plots,  with  the  exception  of  the  cp  =  45° 
and  <p  =  30°  scenarios  for  3°  polar  swaths  of  data,  it  is  apparent  that  for  Total 
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Figure  136:  RE  versus  SNR  for  noise  added  to  the  GTD  data  of  the  plate.  Full 
polarization  results  are  shown  for  0  =  0°,  0  =  30°,  and  0  =  45°.  The  model  orders 
are  Q,K,R,L  —  10,2,10,2  for  the  0  =  0°  plot  and  Q,K,R,L  =  10,4,10,1  for  the 
0  =  30°  and  0  =  45°  plots.  The  ‘o’  at  50  dB  in  each  plot  is  the  RE  for  no  noise 
added  to  'he  data  for  that  scenario.  The  data  is  a  3°  swath  of  polar  data. 
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Figure  137:  Estimated  ellipses  for  noise  corrupted  GTD  data.  The  GTD  data  is  a 
full-polarization  3°  polar  swath.  Each  plot  contains  ten  overlaid  realizations,  where 
all  ten  of  the  estimated  ellipses  for  the  noise  corrupted  GTD  data  are  shown  and  the 
pole  locations  estimated  directly  from  the  GTD  data  are  designated  by  ‘o’s.  The 
model  orders  were  Q,  K,R,L=  10,4,10,1  for  all  of  the  plots. 
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Figure  138:  Estimated  ellipses  for  noise  corrupted  GTD  data.  The  GTD  data  is  a 
full-polarization  3°  polar  swath.  Each  plot  contains  ten  overlaid  realizations,  where 
all  ten  of  the  estimated  ellipses  for  the  noise  corrupted  GTD  data  are  shown  and  the 
pole  locations  estimated  directly  from  the  GTD  data  are  designated  by  ‘o’s.  The 
model  orders  were  Q ,  K,R,L  =  10,4,10,2  for  all  of  the  plots.  Only  the  four  ellipses 
corresponding  to  the  four  highest  energy  modes  are  shown  in  the  plots. 
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Table  16:  Model  orders  and  relative  errors  for  full-polarization  results  for  the  scat¬ 
tering  from  an  inclined  plate.  The  data  is  a  3°  angular  swath  of  polar  data. 


Angle 

Model  Order,  Q,  K ,  R,  L 

RE/p 

0 

10,2,10,2 

0.0232 

mm 

10,4,10,2 

0.0772 

15 

10,4,10,1 

0.0413 

30 

10,4,10,1 

0.0351 

45 

10,4,10,1 

0.0479 

60 

10,4,10,1 

0.1077 

75 

10,4,10,1 

0.0561 

82.5 

10,4,10,2 

0.0531 

90 

10,2,10,2 

0.0589 

SNRs  over  15  dB,  the  RE  is  very  near  the  RE  for  no  noise  added  to  the  GTD  data. 
This  demonstrates  the  noise  cleaning  ability  of  the  estimation  techniques  which  were 
discussed  in  detail  in  Chapter  V.  This  also  implies  that  the  parameter  estimates  are 
not  effected  by  noise  for  the  scenarios  where  the  REs  are  not  effected  by  noise. 

There  is  a  trade-off  between  the  size  of  the  2-D  angular  and  frequency  bandwidths 
of  the  data  gathered  and  the  noise  tolerance  of  the  estimation  technique.  One 
method  to  decrease  the  effects  of  noise  on  the  smaller  2-D  frequency  and  angular 
bandwidth  data  (3°  polar  data  set)  is  to  take  a  larger  data  set  over  the  same  angular 
and  frequency  bandwidths.  This  larger  data  set  should  allow  the  2-D  TLS-Prony 
algorithms  to  better  estimate  the  scattering  center  locations,  damping  factors  and 
amplitudes.  Another  method  to  decrease  the  effects  of  noise  on  the  parameter 
estimates  for  the  3°  data  set  is  to  take  the  data  over  a  2-D  angular  and  frequency 
bandwidth  which  is  larger  than  the  3°  polar  data  examined  here,  but  not  larger  than 
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the  15°  data  set  (thus,  somewhere  around  6°  may  be  appropriate). 

The  results  for  the  15°  polar  swaths  of  data  (both  on  the  original  polar  grid  and 
the  square  grid)  had  REs  which  can  be  considered  high,  but  they  still  estimated  the 
scattering  center  locations  and  damping  factors  well,  as  can  be  seen  by  comparing 
the  results  for  these  cases  with  the  results  for  the  3°  polar  swaths  of  data.  It  is  not 
necessarily  true  that  if  a  given  model  models  the  data  with  a  larger  RE,  that  the 
parameter  estimates  are  not  representative  of  the  modes  which  exist  in  the  data. 
For  the  15°  polar  swaths  of  data,  it  is  assumed  that  the  parameter  estimates  are 
accurate,  since  they  match  the  parameter  estimates  for  the  3°  polar  swaths  of  data, 
with  no  noise  added  to  the  data.  The  3°  polar  swaths  of  data,  with  no  noise  added 
to  the  data,  are  considered  accurate  since  the  REs  associated  with  these  data  sets 
are  relatively  low. 

6.5  Analysis  of  Individual  Scattering  Centers  on  Plate 

Recall  from  Chapter  III  that  the  response  of  a  corner  as  a  function  of  frequency  is  ^ 
and  as  a  function  of  angle  is  a  constant  (for  non-grazing  situations).  In  Chapter  III, 
the  ability  of  a  damped  exponential  to  model  the  frequency  behavior  of  a  corner 
was  demonstrated.  Here,  the  frequency  and  angle  responses  of  the  estimates  for  the 
individual  corners  on  the  plate  are  compared  to  the  ^  and  constant  behaviors  of 
a  corner.  Consider  the  single  polarization  plate  simulation  for  h/i-polarization  and 
4>  =  45°.  Two  data  sets  are  examined,  the  square  grid  of  data  interpolated  from  the 
15°  swath  of  polar  data,  and  the  3°  swath  of  polar  data.  For  both  data  sets,  eight 
plots  are  shown  over  two  figures. 
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The  GTD  code  described  in  [49]  has  the  capability  to  predict  the  scattering  due 
to  an  individual  corner  on  the  plate.  This  capability  is  used  here.  The  2-D  TLS- 
Prony  Technique  is  used  to  estimate  the  parameters  from  a  data  set  which  contains 
the  scattering  response  of  a  single  corner  on  the  plate.  The  model  orders  are  set 
at  Q,K,R,L  =10,1,10,1  for  the  scenarios  where  the  data  contains  the  scattering 
response  for  a  single  corner  on  the  plate.  For  the  2-D  Prony  Model  in  Equation  5.2, 
recall  that  the  i-poles  correspond  to  the  frequency  portion  of  the  2-D  frequency 
domain  data  while  the  y-poles  correspond  to  the  angle  portion  of  2-D  frequency 
domain  data. 

For  each  data  set,  the  first  four  plots  contain  frequency  response  data,  one  plot 
for  each  corner  of  the  plate.  Shown  are  the  frequency  responses  at  45°  as  taken 
from  the  data  (solid  line)  and  as  estimated  by  the  model.  Two  model  estimates  are 
show  in  each  plot;  the  first  (dashed  line)  corresponds  to  the  estimates  from  the  data 
set  generated  for  only  one  corner  of  the  plate  while  the  second  (dash-dotted  line) 
corresponds  to  the  estimates  from  the  complete  data  set  for  the  plate.  Also  show  in 
each  plot  is  the  model  assumed  £  behavior  for  the  corner  (dotted  line,  this  plot  is 
difficult  to  see  since  it  nearly  overlaps  the  solid  line). 

The  second  four  plots  for  each  data  set  contain  angular  response  data,  one  for 
each  corner  of  the  plate.  As  with  the  frequency  response  plots,  shown  are  the  angular 
responses  at  45°  as  taken  from  the  data  (solid  line)  and  as  estimated  by  the  model. 
Two  model  estimates  are  show  in  each  plot,  the  first  (dashed  line)  corresponds  to 
the  estimates  from  the  data  set  generated  for  only  one  corner  of  the  plate  while  the 
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second  (dash-dotted  line)  corresponds  to  the  estimates  from  the  complete  data  set 
for  the  plate.  The  model  assumed  constant  behavior  of  the  corner  is  not  shown  in 
the  angular  plots. 

From  the  results  show  in  Figures  139  through  142,  it  is  observed  that  the  damped 
exponential  model  is  appropriate  for  the  scattering  from  the  corners  of  the  plate 
around  (p  =  45°,  as  was  also  concluded  in  Chapter  III.  Several  full-polarization 
scenarios  were  run  (but  not  shown  here)  and  the  results  are  similar  to  the  results 
shown  for  the  single-polarization  case.  In  the  figures  corresponding  to  the  angular 
dependencies  of  the  scattering  centers,  it  is  seen  that  the  data  shown  is  not  con¬ 
stant  as  a  function  of  angle,  but  a  smooth  function  which  is  close  to  a  constant.  A 
more  appropriate  model  for  the  angular  behavior  of  a  corner  (in  non-grazing  situa¬ 
tions)  might  be  a  damped  exponential,  which,  of  course,  is  what  is  used  in  the  2-D 
TLS-Prony  Technique.  A  constant  was  chosen  in  Table  1  since  it  was  the  simplest 
model  which  was  close  to  the  actual  scattering  behavior  of  a  corner  in  non-grazing 
situations. 

6.6  Summary 

In  this  chapter  several  radar  target  modeling  examples,  involving  simulated  radar 
data,  were  discussed.  The  scattering  from  an  inclined  thin  metal  plate  was  gener¬ 
ated  using  the  GTD.  This  data  was  then  used  by  both  the  single-polarization  and 
the  full-polarization  2-D  TLS  Prony  Techniques  to  estimate  ihe  locations,  damp¬ 
ing  factors  and  polarimetric  characteristics  of  the  scattering  centers  on  the  plate. 
Issues  involving  2-D  angular  and  frequency  bandwidths,  model  order  selection,  ef- 
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Figure  139:  Frequency  response  comparisons  for  parameter  estimates  from  a  square 
grid  of  data  generated  from  a  15°  polar  swath  of  data  centered  around  4>  =  45°. 
Each  plot  corresponds  to  a  corner  of  the  plate.  The  solid  line  is  the  magnitude  of  the 
actual  scattering  data  at  45°.  The  dashed  line  is  the  magnitude  of  the  frequency  data 
generated  by  the  parameters  estimates  from  the  single  corner  data  set  at  45°.  The 
dash-dotted  line  is  the  magnitude  of  the  frequency  data  generated  by  the  parameters 
estimates  from  the  full  plate  data  set  at  45°.  The  dotted  line  is  the  ideal  j  frequency 
behavior  of  the  corner. 
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Figure  140:  Angular  response  comparisons  for  parameter  estimates  from  a  square 
grid  of  data  generated  from  a  15°  polar  swath  of  data  centered  around  <fi  =  45°. 
Each  plot  corresponds  to  a  corner  of  the  plate.  The  solid  line  is  the  magnitude  of 
the  actual  scattering  data  at  9.24  GHz.  The  dashed  line  is  the  magnitude  of  the 
angular  data  generated  by  the  parameters  estimates  from  the  single  corner  data  set 
at  9.24  GHz.  The  dash-dotted  line  is  the  magnitude  of  the  angular  data  generated 
by  the  parameters  estimates  from  the  full  plate  data  set  at  9.24  GHz. 
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Figure  141:  Frequency  response  comparisons  for  parameter  estimates  from  a  3°  po¬ 
lar  swath  of  data  centered  around  (f>  =  45°.  Each  plot  corresponds  to  a  corner  of 
the  plate.  The  solid  line  is  the  magnitude  of  the  actual  scattering  data  at  45°.  The 
dashed  line  is  the  magnitude  of  the  frequency  data  generated  by  the  parameters 
estimates  from  the  single  corner  data  set  at  45°.  The  dash-dotted  line  is  the  magni¬ 
tude  of  the  frequency  data  generated  by  the  parameters  estimates  from  the  full  plate 
data  set  at  45°.  The  dotted  line  is  the  ideal  ^  frequency  behavior  of  the  corner. 
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Figure  142:  Angular  response  comparisons  for  parameter  estimates  from  a  3°  polar 
swath  of  data  centered  around  4>  =  45°.  Each  plot  corresponds  to  a  corner  of  the 
plate.  The  solid  line  is  the  magnitude  of  the  actual  scattering  data  at  9.24  GHz. 
The  dashed  line  is  the  magnitude  of  the  angular  data  generated  by  the  parameters 
estimates  from  the  single  corner  data  set  at  9.24  GHz.  The  dash-dotted  line  is  the 
magnitude  of  the  angular  data  generated  by  the  parameters  estimates  from  the  full 
plate  data  set  at  S.24  GHz. 
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fects  of  noise  on  parameter  estimates,  and  the  form  (polar  grid  or  square  grid)  of 
the  data  set  on  the  2-D  frequency  plane  were  addressed.  Also,  the  validity  of  the 
damped  exponential  to  model  the  scattering  from  the  canonical  scattering  centers 
was  addressed. 


CHAPTER  VII 


Summary  and  Conclusions 

7.1  Summary  of  Work  and  Conclusions 

This  focus  of  this  work  has  been  to  develop  signal  processing  algorithms  and  models 
for  the  scattering  from  radar  targets.  The  models,  which  are  summarized  in  Table  1, 
are  based  upon  the  high-frequency  electromagnetic  scattering  characteristics  of  the 
canonical  scattering  centers  analyzed.  The  algorithms  developed  can  be  used  to 
reduce  the  raw  radar  data  of  a  complicated  radar  target  to  a  set  of  estimated  de¬ 
scriptive  parameters  which  can  be  used  by  a  classification  algorithm  to  identify  the 
target.  As  stated  before,  a  basic  assumption  of  this  work  is  that  the  scattering  from 
radar  targets  can  be  comprised  as  the  sum  of  the  scattering  from  a  finite  number  of 
canonical  scattering  centers  in  the  high-frequency  case.  This  is  a  valid  assumption  if 
the  scattering  centers  are  electrically  isolated.  This  is  also  a  reasonable  assumption 
even  if  two  scattering  centers  are  electrically  close,  since  their  combined  response 
can  be  treated  as  the  response  from  a  new  type  of  canonical  scattering  center.  Re¬ 
call  that  the  high-frequency  case  implies  that  the  overall  target  size  is  at  least  one 
wavelength. 

The  electromagnetic  modeling  of  the  canonical  scattering  centers  used  exact  and 
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approximate  methods  of  scattering  prediction.  Exact  methods  were  used  where 
possible.  The  sphere  for  all  aspect  angles  has  an  exact  scattering  solution  for  plane 
wave  incidence.  The  right-circular  cylinder  also  has  an  exact  scattering  solution,  but 
only  for  limited  aspect  angles.  The  remainder  of  the  canonical  scattering  centers 
analyzed  do  not  have  exact  scattering  solutions,  and  approximate  techniques  such 
as  the  Method  of  Moments  (MM)  and  the  Geometrical  Theory  of  Diffraction  (GTD) 
were  used  to  estimate  their  scattering  characteristics.  The  MM  and  the  GTD  were 
both  used  to  predict  the  scattering  from  canonical  scattering  centers  such  as  the 
corner,  edge,  flat  plate,  dihedral,  and  trihedral.  Once  the  scattering  characteristics 
of  all  of  the  canonical  scattering  centers  were  investigated,  models  were  developed 
and  are  summarized  in  Table  1.  These  models  characterize  the  scattering  from  the 
canonical  scattering  centers  as  functions  of  frequency  and  angle.  These  exact  mod¬ 
els  are  not  contained  in  the  2-D  damped  exponential  Prony  model  in  Equation  5.2, 
but  the  damped  exponential  model  can  accurately  approximate  most  of  the  electro- 
magnetically  based  models  in  Table  1.  All  of  the  frequency  models  and  one  of  the 
angular  models  are  well  approximated  by  damped  exponentials.  Two  of  the  angular 
models,  however,  are  not  well  modeled  using  damped  exponentials,  as  discussed  in 
Chapter  III. 

The  reason  that  a  damped  exponential  model  was  chosen  as  the  model  for  the 
2-D  TLS-Prony  Technique  over  the  electromagnetically  based  models  is  that  the 
estimation  algorithm  developed  for  the  2-D  TLS-Prony  Technique  required  a  damped 
exponential  model.  Recall  that  the  2-D  TLS-Prony  Technique  is  an  extension  of 
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the  1-D  TLS-Prony  Technique  developed  in  [29].  It  may  be  possible  to  develop  a 
2-D  estimation  algorithm  based  on  a  model  which  directly  uses  the  electromagnetic 
models,  but  that  is  beyond  the  scope  of  this  work.  This  type  of  estimation  algorithm 
has  been  developed  in  1-D  by  Carriere  and  Moses  [61]. 

It  must  also  be  noted  that  even  though  the  damped  exponential  does  not  model 
all  of  the  scattering  centers  well,  it  is  still  an  improvement  in  the  modeling  of  radar 
scattering.  Much  of  the  previous  work  in  RTI  assumed  a  point  scatterer  model  for 
the  scattering  from  all  types  of  canonical  scattering  centers  [34],  [35],  [39].  The 
extension  to  a  2-D  damped  exponential  model  is  an  improvement  over  the  point 
scatterer  model. 

The  2-D  TLS-Prony  Technique  is  not  limited  to  the  analysis  of  radar  signals. 
As  demonstrated  in  Chapter  V,  the  technique  is  capable  of  solving  the  general  2-D 
frequency  estimation  problem.  This  technique  can  be  applied  to  other  areas  such  as 
tomography,  sonar,  radio  astronomy,  and  medical  imaging  to  name  a  few.  The  use 
of  damped  exponentials  allows  the  poles  in  transform  domain  spectra  (range-domain 
in  the  radar  problem)  to  have  a  dispersion.  This  is  useful  in  modeling  radar  targets. 
The  execution  time  of  this  algorithm  can  be  optimized  since  several  of  the  steps 
require  a  number  of  independent  calculations  which  can  be  done  in  parallel. 

The  statistics  of  the  2-D  TLS-Prony  Technique  algorithms  are  estimated  and 
compared  to  their  respective  Cramer-Rao  Bounds  (CRBs)  in  Chapter  V  for  some 
undamped  and  damped  exponentials  in  noise  examples  utilizing  a  number  of  Monte- 
Carlo  simulations.  The  x  and  y-pole  estimates  had  different  statistics,  the  x-pole 
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estimates  being  more  accurate  than  the  y-pole  estimates,  when  Algorithm  One  and 
FPA1  were  used  since  the  y-pole  estimates  were  based  on  the  x-amplitude  coefficients 
as  the  input  data.  Thus,  a  propagation  of  error  caused  the  y-poles  estimates  to 
have  variances  which  were  farther  away  from  their  respective  CRBs  than  the  x-pole 
variances  were  away  from  their  respective  CRBs.  This  difference  in  estimates  was 
removed  in  Algorithm  Two  and  FPA2  by  utilizing  the  original  algorithms  twice. 
First,  the  x-poles  are  estimated  and  then  the  y-poles  are  estimated.  Then  the 
y-poles  are  estimated  first  followed  by  the  x-poles.  These  two  sets  of  pole  pairs 
are  combined  and  the  more  accurate  estimates  from  each  set  are  retained.  This 
method  achieves  y-pole  estimates  which  are  as  accurate  as  the  x-poles.  Asymptotic 
expressions  (asymptotic  in  SNR)  for  the  actual  statistics  of  the  1-D  TLS-Prony 
estimation  algorithm  have  been  developed  by  Ying  [62],  In  future  work,  these  results 
can  be  extended  to  achieve  asymptotic  expressions  for  the  variance  of  the  pole 
locations  and  amplitude  coefficients  for  the  2-D  TLS-Prony  Technique. 

The  simulations  described  in  Chapter  VI  demonstrate  some  of  the  capabilities 
and  limitations  of  the  2-D  TLS-Prony  Technique.  The  ability  of  the  2-D  TLS-Prony 
Technique  to  determine  the  scattering  center  locations  for  various  angular  and  fre¬ 
quency  bandwidths  is  well  demonstrated.  Comparing  the  single-polarization  results 
and  the  full-polarization  results,  it  is  apparent  that  the  full-polarization  ellipses  give 
an  excellent  representation  of  the  polarimetric  characteristics  of  each  scattering  cen¬ 
ter  on  a  target.  There  is  a  trade-off  involving  the  angular  and  frequency  bandwidths 
on  the  2-D  frequency  plane  when  the  polar  data  is  directly  used  by  the  algorithms. 
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For  larger  angular  and  frequency  bandwidths  (15°  for  this  work),  the  effects  of  noise 
on  the  parameter  estimates  and  the  relative  error  (RE)  are  insignificant  for  SNRs 
over  15  dB;  however,  the  RE  is  relatively  high.  For  smaller  angular  and  frequency 
bandwidths  (3°  for  this  work),  the  effects  of  noise  are  more  severe  than  they  are 
for  the  larger  bandwidths,  but  the  RE  between  the  model  and  the  original  data  is 
relatively  small  for  high  SNRs  when  compared  to  the  larger  angular  and  frequency 
bandwidths.  The  effects  of  noise  on  the  parameter  estimates  for  the  smaller  angular 
and  frequency  bandwidths  are  demonstrated  in  the  scatter  plots  shown  for  the  3° 
polar  data  cases.  For  low  SNR,  the  parameter  estimates  are  degraded  and  this  is 
reflected  in  the  larger  RE.  Thus,  for  low  SNR  and  smaller  angular  bandwidths  it 
is  appropriate  to  use  a  larger  model  order  as  discussed  and  demonstrated  in  Chap¬ 
ter  VI. 

The  superresolution  capabilities  of  the  2-D  TLS-Prony  Technique  is  demon¬ 
strated  in  two  sets  of  simulations.  First,  the  simulations  in  Chapter  V  involve 
sinusoids  in  noise  which  are  only  0.4  Fourier  Bins  apart.  The  2-D  TLS-Prony  Tech¬ 
nique  easily  resolves  the  sinusoids  for  SNRs  as  low  as  10  dB.  Second,  the  flat  plate 
examples  in  Chapter  VI  for  the  3°  polar  swaths  of  data  also  demonstrate  superres¬ 
olution  capabilities.  The  contour  images  of  the  plate  generated  using  the  2-D  IFFT 
show  peaks  in  the  range  domain  which  are  not  located  on  the  corners  of  the  plate, 
but  the  estimated  scattering  center  locations  do  lie  almost  exactly  (much  closer  than 
the  peaks  in  the  contour  image)  on  the  corners  of  the  plate,  as  they  should. 

For  the  data  which  was  interpolated  onto  a  square  grid,  the  REs  were  lower  than 
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the  REs  for  the  equivalent  data  on  a  polar  grid,  but  the  estimated  pole  locations 
were,  in  general,  the  same  for  either  polar  01  square  data  over  the  same  2-D  band- 
widths.  The  REs  may  be  reduced  for  the  square  grid  data  by  developing  a  more 
appropriate  interpolation  method.  The  one  used  is  a  linear  function  to  estimate  the 
data  values  on  the  square  grid  from  the  surrounding  polar  values.  An  interpolation 
algorithm  which  takes  the  nature  of  the  data  into  account  may  be  more  appropriate. 

The  analysis  of  the  single  scattering  centers  at  the  end  of  Chapter  VI  demon¬ 
strates  the  accuracy  of  the  models  in  Table  1  and  the  abilities  and  limitations  of 
the  damped  exponentials  to  model  the  data.  The  examples  at  <j)  =  45°  examined 
the  responses  from  the  corners  in  non-grazing  situations,  thus,  their  behavior  is  well 
modeled  by  damped  exponentials. 

One  item  of  note  should  be  mentioned  concerning  the  difference  between  data 
taken  on  a  polar  grid  and  that  taken  on  a  rectangular  grid.  Recall  in  Section  3.5 
that  a  correspondence  between  the  angular  model  for  the  canonical  scattering  centers 
and  the  t/-poles  was  made.  The  angular  model  for  the  canonical  scattering  centers 
assumed  that  the  frequency  is  held  constant  and  the  response  of  the  scattering  center 
is  modeled  as  the  angle  is  varied.  Thus,  this  corresponds  to  data  on  a  polar  grid.  In 
Chapters  V  and  VI,  it  is  stated  that  the  2-D  TLS-Prony  Technique  requires  data  on 
a  rectangular  grid,  not  a  polar  grid.  Thus,  there  is  a  discrepancy  since  the  estimation 
technique  requires  data  on  a  rectangular  grid  and  the  model  in  Table  1  corresponds 
to  data  on  a  polar  grid.  For  the  scattering  centers  in  Table  1,  this  is  not  a  problem, 
since  any  of  the  angular  responses  can  be  modeled  by  a  damped  exponential  equally 
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(as  good  as  or  as  poorly  as)  on  a  rectangular  grid  or  on  a  polar  grid  if  the  angular 
swath  is  of  a  reasonable  size  (15°  is  reasonable,  as  shown  previously  in  the  preceding 
simulations).  Obviously,  as  the  angular  swath  of  the  data  gathered  decreases,  the 
polar  and  rectangular  data  will  become  more  alike. 

7.2  Areas  for  Future  Research 

The  list  of  canonical  scattering  centers  in  Table  1  is  not  all  inclusive  for  all  types  of 
radar  targets.  As  new  types  of  canonical  scattering  centers  are  examined,  they  can 
be  added  to  this  group.  Also,  new  and  improved  scattering  prediction  techniques  for 
the  various  types  of  canonical  scattering  centers  are  continuously  being  developed 
which  can  give  more  insight  into  the  physical  phenomena  which  cause  the  scattering 
from  the  various  canonical  scattering  centers. 

The  development  of  a  model  and  estimation  algorithm  based  on  the  entries  in 
Table  1  would  be  useful.  As  mentioned  previously,  a  1-D  version  has  already  been 
developed  [61].  This  version  only  used  the  frequency  models  in  Table  1  and  does  not 
use  the  angular  models  in  the  table.  The  results  of  this  1-D  version  are  equivalent  to 
the  results  for  the  1-D  TLS-Prony  Technique  in  terms  of  their  ability  to  determine 
the  scattering  center  locations  for  the  scenarios  shown  in  [61].  This  is  probably  due 
to  the  fact  that  the  scenarios  investigated  consisted  of  flat  plate  scattering  examples 
away  from  grazing  conditions,  where  the  damped  exponential  gives  an  excellent 
approximation  to  the  £  frequency  response  for  the  corner.  The  development  of  the 
2-D  estimation  algorithm  which  can  use  both  the  frequency  and  angular  models 
(especially  the  U((p)  and  6(<p)  angular  models)  should  reduce  the  RE  significantly. 
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A  detailed  statistical  analysis  of  the  2-D  TLS-Prony  Technique  is  possible  by 
extending  the  work  of  Ying  [62].  By  statistics,  it  is  meant  that  the  probability 
density  function  of  the  parameter  estimates  is  determined.  Ying  developed  the 
asymptotic  (in  SNR)  statistics  for  the  1-D  TLS-Prony  Technique.  These  results 
give  the  asymptotic  statistics  for  the  x-poles  and  the  x-amplitude  coefficients.  From 
Ying’s  analysis,  the  asymptotic  statistics  are  very  close  to  the  actual  statistics  for 
SNR  reasonable  total  SNR  values  (~10  dB  per  mode  yields  an  error  within  1  dB). 
This  was  confirmed  by  comparing  the  asymptotic  statistics  results  with  Monte- 
Carlo  simulations.  Recall  that  the  x-amplitude  coefficients  serve  as  the  input  data 
to  the  second  1-D  Prony  model.  Since  the  statistics  of  this  “data”  are  known, 
Ying’s  approach  can  be  used  again  to  determine  the  statistics  of  the  y-poles  and 
the  amplitude  coefficients.  Thus,  the  asymptotic  statistics  for  all  of  the  parameters 
estimated  by  Algorithm  One  can  be  determined.  From  this,  the  statistics  of  the 
parameters  estimated  by  Algorithm  Two  can  also  be  determined. 

The  effects  of  the  2-D  angular  and  frequency  bandwidths  on  the  parameter  es¬ 
timates  can  be  investigated  further.  The  effects  of  the  2-D  bandwidths  are  inves¬ 
tigated  to  some  extent  here.  It  is  shown  that  utilizing  the  polar  data  directly  in 
the  estimation  algorithms  gives  accurate  parameter  estimates  for  both  large  angular 
swaths  (15°)  and  small  angular  swaths  (3°)  even  though  the  RE  is  very  different 
for  the  two  cases.  Recall  that  even  though  the  RE  is  relatively  large,  that  does  not 
necessarily  mean  that  the  parameter  estimates  are  inaccurate.  The  development  of 
an  interpolation  scheme  that  better  fits  the  data  should  provide  lower  REs,  but  even 
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the  square  grid  data  analyzed  here  provided  accurate  parameter  estimates. 

For  this  work,  the  determination  of  model  order  was  based  upon  knowledge  of 
how  many  scattering  centers  are  present  on  a  target  ( e.g .  four  corners  on  a  plate). 
When  the  number  of  scattering  centers  on  a  given  target  is  unknown,  a  guess  must 
be  made.  There  is  an  upper  bound  on  the  guess.  Recall  that  the  initial  orders 
of  prediction  for  the  x  and  y-poles  were  Q  and  R  respectively.  From  a  previous 
result  [59],  it  is  best  to  choose  these  two  prediction  orders  to  be  one-third  of  the 
data  length  in  the  x  and  y-directions,  respectively  (e.g.  Q  fs  y  and  R  ~  y,  where 
M  and  N  are  the  data  lengths  as  defined  in  Chapter  V).  It  is  also  well  known  that 
choosing  the  model  orders,  K  and  L,  less  than  their  corresponding  prediction  orders, 
Q  and  R,  leads  to  more  accurate  parameter  estimates  [53]— [55].  Thus  the  prediction 
orders,  which  are  one-third  of  the  data  lengths,  serve  as  the  upper  bounds  on  the 
model  orders.  Of  course,  if  there  are  more  scattering  centers  on  the  target  than  this 
upper  bound,  one  of  two  solutions  exist.  The  prediction  orders  can  be  chosen  larger 
than  one-third  of  the  data  lengths  and  thus  the  model  orders  can  be  chosen  larger 
or,  if  possible,  more  data  can  be  collected. 

Even  though  the  model  orders  have  upper  bounds,  an  accurate  method  for  de¬ 
termining  the  correct  model  orders  for  a  data  set,  with  an  unknown  number  of 
2-D  modes,  does  not  exist  for  the  2-D  TLS-Prony  Technique.  Several  methods  of 
model  order  selection  for  Auto- Regressive  Moving- Average  (ARMA)  models  are  dis¬ 
cussed  in  [10].  They  include  Final  Prediction  Error  (FPE)  and  Minimum  Description 
Length  (MDL).  These  techniques  involve  varying  the  model  order  over  a  range  and 
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choosing  the  “best”  model  order  based  upon  a  function  which  involves  the  model 
order  and  the  RE  between  the  estimated  data  and  the  original  data.  Techniques 
along  these  lines  can  possibly  be  extended  to  the  2-D  TLS-Prony  Technique. 
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